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Abstract. We prove that an F-crystal (M, (f) over an algebraically closed field k of 
characteristic p > is determined by (M, (f) mod p", where n > 1 depends only on the 
rank of M and on the greatest Hodge slope of (M, We also extend this result to 
triples (M, G), where G is a fiat, closed subgroup scheme of GLm whose generic fibre 
is connected and has a Lie algebra normalized by <f>. We get two purity results. If 
is an F-crystal over a reduced Fp-scheme 5", then each stratum of the Newton polygon 
stratification of 5" defined by CC, is an affine S'-scheme (a weaker result was known before 
for S noetherian). The locally closed subscheme of the Mumford scheme Ad,i,Nk defined 
by the isomorphism class of a principally quasi-polarized p-divisible group over k of height 
2d, is an affine ^^^i^ATj^-scheme. 

Resume. Nous prouvons qu'un F-cristal (M, defini sur un corps k algebriquement 
clos de caracteristique p > est determine par (M, (p) mod p'^, ovLn> 1 depend seulement 
du rang de M et de la plus grand pente de Hodge de (M, (p). On etend ce resultat aux 
triplets (M, Lp, G), ou G est un sous-groupe ferme et plat de GLm dont la fibre generique 
est connexe et a une algebre de Lie normalisee par (p. Nous obtenons deux resultats 
de purete. Si C est un F-cristal sur un Fp-schema reduit S, alors chaque strate de la 
stratification du polygone de Newton de S defini par C est un S'-schema affine (un resultat 
moins general etait deja connu pour S noetherien). Le sous-schema localement ferme du 
schema de Mumford Ad,i,Nk defini par la classe d'isomorphisme d'un groupe p-divisible 
principalement quasi-polarise sur k de hauteur 2d est un ^^^^ at ^-schema affine. 

Key words: F-crystals, schemes, affine group schemes, abelian schemes, p-divisible 
groups, Newton polygons, and stratifications. 
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51 Introduction 



Let p G N be a prime. Let k he a perfect field of characteristic p. Let k be an 
algebraic closure of k. Let W{k) be the Witt ring of k. Let B{k) := W{k)[j^] be the field 
of fractions of W{k). Let a := be the Frobenius automorphism of /c, W{k), and B{k). 
A group scheme H over Spec{W {k)) is called integral if H is fiat over Spec(VF(/c)) and 
HB{k) is connected (i.e. if the scheme H is integral). Let lAe{HB{k)) be the Lie algebra 
over B{k) of Hg^k)- If H is smooth over Spec(V1^(A;)), let Lie(-ff) be the Lie algebra over 
W{k) of H. If O is a free module of finite rank over some commutative Z-algebra R, let 
GLo be the group scheme over Spec(i?) of linear automorphisms of O. 
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Let (r, d) e N X (N U {0}), with r > d. Let D he a, p-divisible group over Spec(/c) of 
height r and dimension d. It is well known that if c? e {0, 1, r — 1, r}, then: 

(*) D is uniquely determined up to isomorphism by its p-torsion subgroup scheme D[p]. 

But (*) does not hold if 2 < d < r — 2. In 1963 Manin published an analogue of 
(*) for 2 < (i < r — 2 but unfortunately he separated it into three parts (see [28, p. 44, 
3.6, and 3.8] and below). Only recently, this paper and [36] contain explicit analogues 
of (*) for 2 < < r — 2. The two main reasons for this delay in the literature are: (i) 
the widely spread opinion, which goes back more than 40 years, that p-divisible groups 
involve an infinite process, and (ii) the classification results of [28, p. 44] were rarely 
used. Our point of view is that F-crystals in locally free sheaves of finite rank over many 
Spec(A;)-schemes Y involve a bounded infinite process. In this paper we give meaning to 
this point of view for the case Y = Spec(^). We start with few definitions. 

1.1. Definitions, (a) By a latticed F-isocrystal with a group over k we mean a 
triple {M,(p,G), where M is a free W {k)-module of finite rank, where (p is a cr-linear 
automorphism of M[|], and where G is an integral, closed subgroup scheme of GLm, 

such that the Lie subalgebra Lie{GB{k)) of End(M[^]) is normalized by (p. Here we denote 

also by (p the cr-linear (algebra) automorphism of End(M [^]) that takes e e End(M [^]) 

into ip o e o ip~^ G End(M[^]). If G = GLm, then often we do not mention G and we 
omit "with a group" . 

(b) By an isomorphism between two latticed F-isocrystals with a group (Mi, pi,Gi) 
and (M2, (/P2, G2) over k we mean a W{k)-lmeax isomorphism / : Mi^M2 such that 
<^2 o / = / o and the isomorphism GLmi— ^GLm2 induced by /, takes Gi onto G2- 

The pair (M[^], </?) is called an F-isocrystal over k. If we have pM C p{M) C M, 
then the pair (M, p) is called a Dieudonne module over k. For g' e G{B{k)) let g'(p be 
the cr-linear automorphism of M[^] that takes x e M[^] into g'{(p{x)) e -M[^]. The triple 
(M, g'(p, G) is also a latticed F-isocrystal with a group over k. 

Often there exists a "good" class M of motives over k that has the following property. 
The crystalline realization of any motive in M is naturally identified with (M, gjvi^) 
for some gj^ G G{W{k)) and moreover Gs^k) is the identity component of the subgroup 
of GLj^^Mi that fixes some tensors of the tensor algebra of M\-] © Hom(M[i], i?(A;)) 

which do not depend on M. and which are (expected to be) crystalline realizations of 
motives over k that are intrinsically associated to M.. For instance, see [40, §5 and §6] 
for contexts that pertain to classes of motives of abelian varieties over Spec(A;) which 
are associated to /c-valued points of a (fixed) good integral model of a Shimura variety 
of Hodge type. The paper [40] and many previous ones (like [25]) deal with particular 
cases of such triples (M, G)'s: the pair (M, (/p) is a Dieudonne module over /c, the 
group scheme G is reductive, and there exists a semisimple element G G{B{k)) whose 
eigenvalues are 1 and p and such that ps~^ is a cr-linear automorphism of M. Any 
good classification of the triples (M, gM^^ G) up to isomorphisms defined by elements of 
G(VF(A;)), is often an important tool toward the classification of motives in M. 
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Classically, one approaches the classification of all triples (M, gip^ G) with g e 
G{W{k)), up to isomorphisms defined by elements of G{W{k)), in two steps. The 
first step aims to classify {M[^]^ g(p^G B{k))''^ up to isomorphisms defined by elements 
of G{B{k)). The second steps aims to use the first step in order to study {M,g(p, G)'s. 

A systematic and general approach to the first step was started in [24] , which works 
in the context in which the group GB(k) is reductive, k = k, and the pair (M[i], GB{k)) 
has a Qp structure (Mq^, Gq^,) with respect to which ip becomes (/(^(Imq^ ®cr) for some 
g^P G G{B{k)); thus, in order to classify {M[-],gLp, GB(fc))'s up to isomorphisms defined by 
elements of G{B{k)), one only has to describe the image G^ of the set {ggip\g G G{W{k))} 
in the set B{Gq^) of cr-conjugacy classes of elements of GQ^{B{k)) = G{B{k)). Even if 
k = k, in general such Qp structures do not exist (for instance, they do not exist if the 
group GB{k) is commutative and {Lie{GB{k))jf) has non-zero slopes). 

One can define two natural equivalence relations and i?^ on the set underlying 
the group G{W{k)) as follows. A pair ((/i, (72) G G{W{k))'^ belongs to (resp. to R^) if 
and only if there exists gi2 G G{W{k)) (resp. 5112 G G{B{k))) such that gi2giV — g2'Pgi2- 
The set of isomorphism classes of (M, g(p, Gys (up to isomorphisms defined by elements 
of G{W{k))) is in natural bijection to the quotient set G(VF(fc))//<^. The quotient set 
G{W{k))/ Rip is a more general version of the above type of sets G^p. In general, the 
natural surjective map G{W{k))/I^ -» G{W{k))/Rip, is not an injection and some of 
its fibres have the same cardinality as k. In general, one can not "recover" (M, gip, G) 
and its reductions modulo powers of p from the equivalence class [g] G G{yV{k))/I^ and 
from the triple {M[^]^g(p^GB{k))- The last two sentences explain why in this paper, for 
the study of the quotient set G{W {k)) / and of (reductions modulo powers of p of) 
(M, g(p, G)'s, we can not appeal to the results of [24], [37], etc. In addition, the language 
of latticed F-isocrystals is more general and more suited for reductions modulo powers 
of for endomorphisms, for deformations, and for functorial purposes than the language 
of either u-conjugacy classes or equivalence classes of I^p. 

If gii g2i gi2 G G{W{k)) satisfy gi2gi<p = g2'pgi2, it is of interest to keep track of the 
greatest number ni2 G N U {0} such that gi2 and 1m are congruent mod p'^^'^ . As the 
relation I^p is not suitable for this purpose, it will not be used outside this introduction. 

The set {{M,gip,G)\g G G{W{k))} is in natural bijection to G{W{k)). Any set of 
the form {(M, gip, G)\g G G{W{k))} will be called a family of latticed F-isocrystals with 
a group over k. This paper is a starting point for general classifications of families of 
latticed F-isocrystals with a group over k. The fact that such classifications are achievable 
is supported by the following universal principle. 

1.2. Main Theorem A (Crystalline Boundedness Principle). Suppose k = k. 

Let (M, 99, G) be a latticed F-isocrystal with a group over k. Then there exists a number 
'T-fam G N U {0} that is effectively bounded from above and that has the property that for 
any pair (fi',(7nfam) ^ GiWik))"^ such that g^^^^ is congruent modp^^'^'^ to 1m, there exist 
isomorphisms between {M,g(pjG) and {M, g^^^^gip^G) which are elements of G{W{k)). 

Thus the equivalence class [g] G G{W{k))/Iip depends only on g mod p"^fam. ^j^^g 
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supports our bounded infinite process point of view. If G — GLm and (M, (p) is a 
Dieudonne module over k, then Main Theorem A is a direct consequence of [28, p. 44, 
3.6, and 3.8]. By a classical theorem of Dieudonne (see [7, Thms. 3 and 5], [28, §2], 
[5, Ch. IV, §4], or [14, Ch. Ill, §6]), the category of p-divisible groups over Spec(A;) is 
antiequivalent to the category of Dieudonne modules over k. Thus we get a new proof of 
the following result which in essence is due to Manin and which is also contained in [36] . 

1.3. Corollary. There exists a smallest number T{r,d) G N U {0} such that any 
p-divisible group D over Spec(A;) of height r and dimension d, is uniquely determined up 
to isomorphism by its p^^'^''^^ -torsion subgroup scheme D\p^^^''^^]. Upper bounds ofT{r, d) 
are effectively computable in terms ofr. 

1.4. On the proof of Main Theorem A. The proof of Main Theorem A (see 
3.1) relies on what we call the stairs method. The method is rooted on the simple fact 
that for any t e N and every y,z & End(M), the two automorphisms 1m + P^V and 
1m +P^z of M commute mod p^*. To outline the method, we assume in this paragraph 
that G is smooth over Spec(VF(/c)). Let m G N U {0} be the smallest number for which 
there exists a VF(/c)-submodule E of Lie(G) that contains p"^(Lie(G)) and that has a 
VF(/c)-basis {ei, 62, . . . , e,;} such that for / G {1, . . . , v} we have ip{ei) — p^'e^^^), where tt 
is a permutation of the set {1, . . . , f } and where n/'s are integers that have the following 
stairs property. For any cycle (Zi, . . . , Iq) of tt, the integers ni^^, . . . ,ni are either all non- 
negative or all non-positive. The existence of m is implied by Dieudonne's classification 
of F-isocrystals over k (see [28, §2]). In general, the VF(/c) -sub module E is not a Lie 
subalgebra of Lie(G). For any g G G{W{k)) congruent mod p^m+t -^^^ there exists 
e e E such that the elements g and 1m + p^'^^e of GLm(W^(/^)) are congruent mod 
p2m-\-i-\-t^ Due to this and the stairs property, for p > 3 there exists an isomorphism 
between {M,cnp,G) and {M,(f,G) which is an element ^0 ^ G{W{k)) congruent mod 
pTTL+t |-ggg 3.1.1). If p = 2, then a slight variant of this holds. Exponential maps (see 
2.6) substitute from many points of view the classical Verschiebung maps of Dieudonne 
modules; for instance, one can choose ^0 to be an infinite product of exponential elements 
of the form YliLo ^~^\ — where e e E. See 2.2 to 2.4 for the cr-linear preliminaries that 
are necessary for the estimates which give us the effectiveness part of Main Theorem A. 
These estimates provide inductively upper bounds of m in terms of dim{GB{k)) and of 
the s-number and the /i-number of the latticed F-isocrystal {Lie{G),(f) over k (see 2.2.1 
(e) for these two non- negative integers which do not change if is replaced by g(p) . 

1.5. Complements, examples, and applications. See 3.2 for interpretations 
and variants of Main Theorem A in terms of reductions modulo powers of p; in particular, 
see 3.2.4 for the passage from Main Theorem A to Corollary 1.3. In 3.3 we improve (in 
many cases of interest) the upper bounds (of nfam; etc.) we obtain in 3.1.1 to 3.1.5. 

In §4 we include four examples. It is well known that if the p-divisible group D is 
ordinary, then D is uniquely determined up to isomorphism by D [p] and moreover D has 
a unique lift to Spec{W{k)) (called the canonical lift) that has the property that any 
endomorphism of D lifts to it. Example 2 identifies the type of latticed F-isocrystals 
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with a group over k to which the last two facts generahze naturaUy (see 4.3.1 and 4.3.2). 
Example 4 shows that if r = 2d, d > 3, and the slopes of the Newton polygon of D are 
^ and then D is uniquely determined up to isomorphism by D\p^] (see 4.5). 

In §5 we list four direct applications of Main Theorem A and of 3.2. First we present 
the homomorphism form of Main Theorem A (see 5.1.1). Second we define transcendental 
degrees of definition for many classes of latticed F-isocrystals with a group over k (see 
5.2). When the transcendental degrees of definition are 0, we also define (finite) fields of 
definition. In particular, Theorem 5.2.3 (when combined with Lemma 3.2.2) implies that 
it is possible to build up an atlas and a list of tables of isomorphism classes of p-di visible 
groups (endowed with certain extra structures) over Spec(A;) that are definable over the 
spectrum of a fixed finite field Fpq , which are similar in nature to the atlas of finite groups 
(see [3]) and to the list of tables of elliptic curves over Spec(Q) (see [4]). 

Let G N \ {1,2} be relatively prime to p. Let Ad,i,N be the smooth, quasi- 
projective Mumford moduli scheme over Spec(Fp) that parametrizes isomorphism classes 
of principally polarized abelian schemes with level- A^ structure and of relative dimension 
d over Spec(Fp)-schemes (see [33, Thms. 7.9 and 7.10]). Third we apply the principally 
quasi-polarized version of Corollary 1.3 (see 3.2.5) to get a new type of stratification of 
Ad,i,N- Here the word stratification is used in a wide sense (see 2.1.1) which allows the 
number of strata to be infinite. The strata we get are defined by isomorphism classes 
of principally quasi-polarized p-divisible groups of height 2d over spectra of algebraically 
closed fields of characteristic they are regular and equidimensional (see 5.3.1 and 5.3.2). 
Moreover, this new type of stratification of Ad,i,N satisfies the purity property we define 
in 2.1.1, i.e. its strata are affine ^d^i^jv-schemes (see 5.3.1 and 5.3.2). Variants of 1.3, 
3.2.5, 3.2.6, and 5.3.2 but without its purity property part, are also contained in [36]. 

Fourth we get a new proof (see 5.4) of the "Katz open part" of the Grothendieck- 
Katz specialization theorem for Newton polygons (see [22, 2.3.1 and 2.3.2]). 

The main goal of §6 is to prove the following result (see 6.1 and 6.2). 

1.6. Main Theorem B. Let € be an F -crystal in locally free sheaves of finite rank 
over a reduced Spec{Fp) -scheme S. Then the Newton polygon stratification of S defined 
by € satisfies the purity property (i.e. each stratum of it is an affine S -scheme). 

A variant of Main Theorem B was obtained first in [10, 4.1], for the particular case 
when S is locally noetherian. The fact that the variant is a weaker form of Main Theorem 
B is explained in 6.3 (a). The main new idea of §6 is: Newton polygons are encoded in 
the existence of suitable morphisms between different evaluations of F-crystals (viewed 
without connections) at Witt schemes of (effectively computable) finite lengths. The 
proof of Main Theorem B combines this new idea with the results of Katz (see [22, 2.6 
and 2.7]) on isogenics between F-crystals of constant Newton polygons over spectra of 
(perfections of) complete, discrete valuation rings that are of the form A;[[a;]]. 

Acknowledgements. We would like to thank U. of Utah and U. of Arizona for 
good conditions in which to write this paper and D. Ulmer, G. Faltings, and the referee 
for valuable comments. 
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2 Preliminaries 



See 2.1 for our main notations and conventions. See 2.2 for few definitions and simple 
properties that pertain to latticed F-isocrystals with a group over k. In particular, in 2.2.2 
we define Dieudonne-Fontaine torsions and volumes of latticed F-isocrystals. Inequalities 
and estimates on such torsions are gathered in 2.3 and 2.4 (respectively); they are essential 
for examples and for the effectiveness part of 1.2. In 2.5 we apply [42] to get Zp structures 
for many classes of latticed F-isocrystals with a group over k. In 2.6 and 2.7 we include 
group scheme theoretical properties that are needed in §3 and §4. In 2.8 we present 
complements on the categories A4{Wq{S)) we will introduce in 2.1. In 2.9 we recall two 
results of commutative algebra. Subsections 2.8 and 2.9 are not used before 5.4. For 
Newton polygons of F-isocrystals over k we refer to [22, 1.3]. 

2.1. Notations and conventions. By w we denote an arbitrary variable. If e N, 
let FpQ be the field with elements. If i? is a commutative Fp-algebra, let W{R) be the 
Witt ring of R and let Wq{R) be the ring of Witt vectors of length q with coefficients 
in R. We identify R = Wi{R). Let be the canonical Frobenius endomorphism of 
either W{R) or Wq{R); we have $fc = Cfc = o"- Let R^^''^ be R but viewed as an R- 
algebra via the g-th power Frobenius endomorphism $^ : R ^ R. If is reduced, let 
^perf ._ -j^j qe^R^P"^ be the perfection of R. 

Let M.{Wq{R)) be the abelian category whose objects are Wg (i?)-modules endowed 
with $j^-linear endomorphisms and whose morphisms are Wq{R)-lmea,r maps that re- 
spect the $fl;-linear endomorphisms. We identify A4{Wq{R)) with a full subcategory of 
M{Wq+i{R)) and thus we can define M{W{R)) := Uqe-NM{Wq{R)). 

If 5' is a Spec(Fp)-scheme, in a similar way we define Wq{S), $5, A4{Wq{S)), and 
M.{W{S)). We view Wq{S) as a scheme and by a Wq{S)-module we mean a quasi- 
coherent module over the structure ring sheaf 0\Yg{s) of Wq{S). The formal scheme W{S) 
is used only as a notation. If S' = Spec(i?), then we identify canonically M.{Wq{R)) = 
MiWq{S)) and M{W{R)) = MiW{S)). 1ft e {l,...,q} and *{q) is a morphism of 
M.{Wq{S)), let *{t) be the morphism of Ai{Wt{S)) that is the tensorization of *{q) with 
Wt{S). Let be the topological space underlying S. All crystals over S (i.e. all 
crystals on Berthelot's crystalline site CRIS(S'/Spec(Zp))) are in locally free sheaves of 
finite rank. An F-crystal € over S comprises from a crystal 9Jl over S and an isogeny 
$g(9Jl) — ^ 9Jl of crystals over S; let G N U {0} be the smallest number such that 
p'^'^ annihilates the cokernel of this isogeny. We identify an F-crystal (resp. an F- 
isocrystal) over Spec(A;) with a latticed F-isocrystal (M, (p) over k that has the property 
that (f{M) C M (resp. with an F-isocrystal over k as defined in §1). The pulls back of 
F-crystals € and over S to an S'-scheme (resp. to an affine ^-scheme Spec(i?i)) 
are denoted by €3^ and (resp. by €r^ and 

Let (M, (/?, G) be a latticed F-isocrystal with a group over k. We refer to M as its 
W{k)-modnle. Let vm G NU{0} be the rank of M. If /i and /2 are two Z-endomorphisms 
of either M or M[^], let /1/2 := /i o /2- Two Z-endomorphisms of M are said to be 
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congruent mod if their reductions mod ]fl coincide. Let M* := Hom(M, Let 

r(M) := ®,,„eNu{o}M®* M*®^ 

We denote also by the (j-hnear automorphism of T(M)[i] that takes / e M*[i] into 
crf(f~^ e -^*[^] ^^^d that acts on T(M)[i] in the natural tensor product way. The 
canonical identification End(M[i]) = ^B{k) -^*[^] is compatible with the (p actions 
(see 1.1 (a) for the action of (p on End(M[i])). If O is either a free VF(A;)-submodule or a 
5(A;)-vector subspace of T(M)[^] such that (p{M) C M, then we denote also by (p the a- 
linear endomorphism of O induced by (p. The W{k)-span of tensors vi, . . .,Vn £ T(M)[^] 
is denoted by < f i, . . . , f„ >. The latticed F-isocrystal (M*, 99) over k is called the dual 
of (M, (p). We emphasize that the pair (M*, (p) involves no Tate twist. A bilinear form 
on M is called perfect if it defines naturally a VF( A;) -linear isomorphism M^M*. 

Let GB{k) be a connected subgroup of GL^jij. As is a a-linear automorphism 

of [^], the group {ipgp~^\g G G B{k){B{k))} is the group of i?(/c)-valued points of the 

unique connected subgroup of GLj^^ji] that has (p{lAe{GB{k))) as its Lie algebra (see [1, 

Ch. II, 7.1] for the uniqueness part). So as p normalizes 'L\e{GB{k)), for g G G{B{k)) we 
have ipgip~^ G G{B{k)); in what follows this fact is used without any extra comment. 

In this paragraph we assume </?(M) C M. We also refer to (M, (p, G) as an F- 
crystal with a group over k. The Hodge slopes of {M,cp) (see [22, 1.2]) are the non- 
negative integers hi, ... , hr^ such that the torsion VF(fc)-module M/(p{M) is isomorphic 
to ®l^^W{k)/{p'''). If O is a W(A;)-submodule of M such that ^(O) C O, we denote 
also by (p the cr-linear endomorphism of M/O induced by ip. We refer to the triple 
[M/p'^M, ip, Gwq{k)) as the reduction mod of (M, v?, G). If G = GLm, then often we 
do not mention G and Gw^{k) and we omit "with a group". The reduction {M/p'^M, (p) 
mod p'^ of (M, (p) is an object of M{Wq{k)). 

If a, 6 G Z with b > a, let S{a, b) := {a, a + 1, . . . , 6}. If / G N, if * is a small letter, 
and if (*i, ...,*;) is an Z-tuple which is either an element of Z' or an ordered VF(/c)-basis 
of some W{k)-module, then we define *t for any t G Z via the rule: *t '■= *u, where 
tt G {1, ...,/} n (t + IZ). If X G R, let [x] be the greatest integer of the interval (—00, x]. 

2.1.1. Conventions on stratifications. Let be a field. By a stratification S of 
a reduced Spec(K)-scheme X {in potentially an infinite number of strata), we mean that: 

(i) for any field L that is either K or an algebraically closed field that contains K, a 
set Sl of disjoint reduced, locally closed subschemes of Xl is given such that each point 
of Xl with values in an algebraic closure of L factors through some element of Sl; 

(ii) if ii2 : Li ^ L2 is an embedding between two fields as in (a), then the reduced 
scheme of the pull back to L2 of any member of iSli, is an element of SL2', so we have a 
natural pull back injective map S{ii2) : Sl^ ^ Sl2- 

If the inductive limit of all maps S{ii2) exists (resp. does not exist) in the category 
of sets, then we say that the stratification S has a class which is (resp. is not) a set. 
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Each element of some set Sl is referred as a stratum of S. We say S satisfies the purity 
property if for any field L as in (a), every element of Sl is an affine X/,-scheme.^ Thus S 
satisfies the purity property if and only if each stratum of it is an aflfine X-scheme. If all 
maps »S(zi2)'s are bijections, then we identify <S with Sk and we say S is of finite type. 

2.2. Definitions and simple properties. In this Subsection we introduce few 
notions and simple properties that pertain naturally to latticed F-isocrystals. 

2.2.1. Complements to 1.1. (a) A morphism (resp. an isogeny) between two 
latticed F-isocrystals (Mi,(^i) and (M2,<^2) over A; is a W{k)-lmeaT map (resp. isomor- 
phism) / : Mi[|] — > M2[^] such that f(pi = (p2f and /(Mi) C M2. If / is an isogeny, then 
by its degree we mean p\ where I is the length of the artinian W{k)-m.odule M2/ f{Mi). 

(b) By a latticed F -isocrystal with a group and an emphasized family of tensors over 
k we mean a quadruple 

(M, ^, G, (ta)ae^), 

where (M, (/?, G) is a latticed F-isocrystal with a group over /c, where J7 is a set of in- 
dices, and where 1^ G T{M) is a tensor that is fixed by both (f and G, such that GB{k) 
is the subgroup of GL^jij that fixes for all a E J^. If (Mi, (/Ji, Gi, (tiQ,)^^ j-) and 

{M2,(p2,G2, {t2a)aej) are two latticed F-isocrystals with a group and an emphasized 
family of tensors (indexed by the same set J^) over k, by an isomorphism between them 
we mean an isomorphism / : (Mi, (/?i, Gi)A-(M2, <^2, G2) such that the W{k)-lmeaT iso- 
morphism T(Mi)A-T(M2) induced by /, takes tia into t2a for all a e J. 

(c) By a principal bilinear quasi-polarized latticed F-isocrystal with a group over k 
we mean a quadruple (M, (/?, G, Am), where (M, G) is a latticed F-isocrystal with a 
group over k and where Am : M ®w{k) M — > W{k) is a perfect bilinear form with the 
properties that the 14^(/c)-span of Am is normalized by G and that there exists c e Z 
such that we have Xm{,'p{,x), (fi{y)) = p^a{XM{x,y)) for all x, y E M. We refer to Am as a 
principal bilinear quasi-polarization of (M, ^, G), (M, 99), and {M[-],ip). Let G^ be the 
Zariski closure in GLm of the identity component of the subgroup of GB{k) that fixes Am- 
We refer to (M, G^) as the latticed F-isocrystal with a group over k of (M, G, Am)- 
The quotient group GB{k)/G^B{k) either trivial or isomorphic to G^. 

By an isomorphism between two principal bilinear quasi-polarized latticed F-iso- 
crystals with a group (Mi, (^1, Gi, Ami) and (M2, (^2, G2, AM2) over k we mean an iso- 
morphism / : (Ml, (/?!, Gi)-^{M2,(p2,G2) such that we have XMi{x,y) = XmAUx), f{y)) 
for all X, y G Mi. We speak also about principal bilinear quasi-polarized latticed F- 
isocrystals with a group and an emphasized family of tensors over k and about isomor- 
phisms between them; notation (M, 99, G, (ta)aej': Am)- 

If the form Am is alternating, we drop the word bilinear (i.e. we speak about principal 
quasi-polarized latticed F-isocrystals with a group over A;, etc.). 



1 This is a more practical, refined, and general definition than any other one that relies 
on codimension 1 statements on complements. See Remark 6.3 (a) below. 
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(d) We say the W -conditionholds for the latticed F-isocrystal with a group (M, ip, G) 
over k if there exists a direct sum decomposition M = ©^^^F*(M), where a, 6 e Z with 
b> a, such that M — ®^^^ip{p~'^F'^{M)) and the cocharacter fj, : Gm — GLm defined by 
the property that f3 G Gm{W{k)) acts on F'^{M) through ^ as the multiphcation by 
factors through G. In such a case we also refer to (M, G) as a p-divisible object with 
a group over /c. We refer to the factorization n : Gm — > G of /x as a Hodge cocharacter 
of {M,(p,G). For z e 5(a,6) let F^(M) := ©}=f,F^(M). We refer to the decreasing and 
exhaustive filtration {F'^{M))i^s(a,b) of M as a lift of {M,(p,G). li G = GLm, we also 
refer to (M, (f) as a p-divisible object over A;. 

Here 'W stands to honor [42, p. 512] while the notion "p-divisible object" is a 
natural extrapolation of the terminology "object" introduced in [11, §2]. 

(e) By the shifting number (to be abbreviated as the s-number) of a latticed F- 
isocrystal (M, ip) over k we mean the smallest number s G NU{0} such that ip{p^M) C M 
(equivalently such that ^{M) C p~'^M). By the greatest Hodge slope (to be abbreviated 
as the h-number) of (M, we mean the greatest Hodge slope h of {M,p^(p), i.e. the 
unique number /i e N U {0} such that we have p^-^M C (p{M) and p^-^-'^M % ¥?(M). 

We have s = if and only if (M, (^) is an F-crystal over k\ in this case h is the 
number /i(M,<p) defined in 2.1. We have s = and h G {0, 1} if and only if {M,(fi) is a 
Dieudonne module over k. 

Let s* and h* be the s-number and the /i-number (respectively) of (M*, We have 
V;(M*) = ^{M)* C p^-'^M* but (^(M*) ^ p^-'^+^M*. Thus = max{0, /i - s}. As 
(M, (fi) is the dual of (M*, (y?), we also have s = max{0, h* -s*}. So if s = 0, then s* = h 
and h* G S{0, h). If s > 0, then s = h* - s* and thus h* = s + s* = max(s, h). 

If s = 0, then the s-number and the /i-number of (End(M ), (f) = (M, (f) (g) (M*, (f) 
are at most s -|- s* = /i and h + h* <2h (respectively). 

2.2.2. Definitions, (a) Let (M, </?) be a p-divisible object (M, (f) over A;. We say 
(M, (^) is a cyclic Dieudonne-Fontaine p-divisible object over A; if there exists a W{k)- 
basis {ei, . . . , er.J^^} of M such that for i G 5'(1, tm) we have an identity ^p{ei) = p^^Ci+i, 
where ni, . . . ,nrM integers that are either all non-negative or all non-positive. We 
refer to {ei, . . . , erj^^} as a standard W{k)-basis of (M, (/?). 

We say (M, </?) is an elementary Dieudonne-Fontaine p-divisible object over k if it is 
a cyclic Dieudonne-Fontaine p-divisible object over k that is not the direct sum of two 
or more non-trivial cyclic Dieudonne-Fontaine p-divisible objects over k. 

We say (M, ip) is an elementary Dieudonne p-divisible object over k if there exists a 
VF(A;)-basis {ei, . . . , Crj^} of M such that for z G 5(2, tm) we have an identity <^(ej) = Cj+i 
and moreover (f{ei) = p"'^e2 for some integer ni that is relatively prime to tm- 

We say (M, (/?) is a Dieudonne-Fontaine (resp. a Dieudonne) p-divisible object over 
k if it is a direct sum of elementary Dieudonne-Fontaine (resp. of elementary Dieudonne) 
p-divisible objects over k. 

(b) By the Dieudonne-Fontaine torsion (resp. volume) of a latticed F-isocrystal 
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(M, (fi) over k we mean the smallest number 

T(M, ^) e N U {0} 

(resp. V(M, (p) e Nu{0}) such that there exists a Dieudonne-Fontaine p-divisible object 
(Ml, (pi) over k for which we have an isogeny / : (Mi, (pi) ^ {MiSiw(k)W(k), (f®(Tj,) with 
the property that p'^(^''^)M C /(Mi) (resp. that M//(Mi) has length V(M, By 
replacing Dieudonne-Fontaine with Dieudonne, in a similar way we define the Dieudonne 
torsion T+(M, (/?) e N U {0} and the Dieudonne volume V+(M, e N U {0} of (M, (/?). 

2.2.2.1. Remarks, (a) Any (elementary) Dieudonne p-divisible object over k 
is also an (elementary) Dieudonne-Fontaine p-divisible object over k. Moreover, any 
Dieudonne-Fontaine p-divisible object over k is definable over Fp. 

(b) The existence of V+(M, (p) (and thus also of V(M, cp), T+jM, (p), and T(M, ^)) 
is equivalent to Dieudonne's classification of F-isocrystals over k. This and the fact 
that suitable reductions (modulo powers of p) of p-divisible objects over k are studied 
systematically for the first time in [14] and [15], explains our terminology. 

(c) Classically one works only with Dieudonne p-divisible objects (as they are 
uniquely determined by their Newton polygons) and with Dieudonne volumes (as they 
keep track of degrees of isogenics); see [7], [28], [6], [10], etc. But working with Dieudonne- 
Fontaine p-divisible objects and torsions one can get considerable improvements for many 
practical calculations or upper bounds (like the ones we will encounter in §3). 

2.2.3. Lemma. Let K he an algebraically closed field that contains k. Let (M, ip) 

he a Dieudonne-Fontaine p-divisible object over k with the property that (p{M) C M. Let 

2 

h be the h-number of (M, (p), let cm '■= max{rM, [-4^]}; let ki be the composite field of k 
and Fprjv^!, and let m G N. We have the following two properties: 

(a) For any endomorphism fhcM+m of {M ®w{k) WheM+m{K) , p ® a k) , the reduc- 
tion fm TTT'Od p^ of fhcM+m is thc scalar extension of an endomorphism of (M ®vK(fe) 
Wm{ki), p ® CT/jJ. // (M, p) is a Dieudonne p-divisible object over k, then the previous 
sentence holds with bm being substituted by tm- 

(b) Each endomorphism of (M ®w{k) ^{K)., fp ® (Jk) is the scalar extension of an 
endomorphism of (M ®w{k) W{k\),(p® crki)- 

Proof: We write {M,(p) = ®f=i(Mj,</7) as a direct sum of elementary Dieudonne- 
Fontaine p-divisible objects over k. Let {e^* e^M. } be a standard W{k)-hasis of 
{Mi,(p). We check that (a) holds. Let G S{1,s) and let jo G S{l,rMi )• We write 

fheM+mie^f®^) = EUl ET={ ®4'f , where all P^^s belong to Whel+miK). Let 

rui^i ■■= l.c.m.{rMi^,rM,}; it is a divisor of tm!- If « = «o, then rM^^i = tm,,^ <rM < cm- 

2 

If i ^ io, then rM,„ + tm, < Tm and thus we have rM,^^, < rM.jM, < [^] < Cm- 

As AeM+m(^'"'^°' (ej-r^)®!) = {'P^(7KY'''o^ {fh,^+^{ef°^^l)), we have an equality 

(1) r^'p^^ - iP^f) G ^e^+r.(i^), 
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where mj.j,°'^ G N U {0} is such that i/^^o^ (ej'^"^) = p"'^o°''e5j,"^ and where gj'°'^ G N U {0} 
is such that (p^'^'-o'- ie)^^) = p^^ e[^\ The numbers ml*"*'* and 0^*°*'* are at most hru- ■ 

' ^ J J JO J 

and so at most hcM- Let s^^°j^ e S{0, hcM + m) be the unique number such that we can 
write =p'ifplf, with e Gm{WheM+m{K)). From (1) we easily get that 



:= mm{heM + m, + 4o7''} equals to mm{heM + m, gj*°*^ + s^*"/^} 

and that ^^"^^ coincide mod p'^^^+^-^^o"/' . Thus ^j^f modp^^^^+^-'^o"/' 

belongs to W, , Aioi)('F tm- .) and therefore mod n^'^'^'^'^~*w '^^w belongs 

t« ^e^+^-.^^o.^)+.<-"(V--^)- -^5"^^ ^ + that mod 

CM '"-"i^o belongs to VF, , (ioi) (F r-^^ ) and thus also to VF, , (ioo(^i)- 

So due to the inequality m < heu + m — m^^^^ , we have fm{^^j°^ 1) G M Wm{ki) 
for any pair (io,io) ^ 'S'(l, s) x tm.^^)- Thus is the scalar extension of an endo- 
morphism of (M ®w{k) Wm{ki), ip® au^). 

If (M, is a Dieudomic p-divisible object over k, then the Hodge slopes of (M^;,, 
are 0, . . . , 0, and some integer in 5'(0, /t); thus Wj*"*'' < ^7-^ < /^^^Mi < /^^^m- A similar 

argument shows that q^^^ < hru- Thus in the previous paragraph we can substitute 
Cm by tm- So (a) holds. 

Part (b) follows from (a) by taking m — > 00. □ 
2.2.4. Deviations of tuples. Let I G N. Let r = (ni, . . . ,n/) G Z'. 

(a) Suppose X^'^i^^i is non-negative (resp. is non-positive). Let -P(t) be the set 
of pairs (t, tt), where t G S{1,1) and tt G Z -\- t — 1) have the property that all 
sums X]i=D with G S{t,u) are non-positive (resp. are non- negative). By the non- 
negative (resp. the non-positive) sign deviation of r we mean the non-negative integer 
max{0, - X^^^^ni|(t, w) G P(r)} (resp. max{0, X^^^^ ni|(t, w) G P(t)}). 

(b) If Yl\=i''^i is non- negative (resp. is non-positive), then by the non- negative 
(resp. the non-positive) value deviation of r we mean the absolute value of the sum of 
all non-positive (resp. of all non-negative) entries of r. As a convention, this sum is if 
T has no non-positive (resp. no non- negative) entries. 

(c) If Yl\=i "^i is positive (resp. is negative), then by the sign deviation Sr of r we 
mean its non-negative (resp. its non-positive) sign deviation. If X^^^^ rii = 0, then by 
the sign deviation Sr of r we mean the smaller of its non-negative and non-positive sign 
deviations. We also use this definition with (sign, S) replaced by (value, W). 

Samples: S(-l, 1, -1, -1, 1, 1, 0, -1) = 1 + 1 = 2, W(-l, 1, -1, -1, 1, 1, 0, -1) = 3, 
S(l, 1, -2, 1, 3) = W(l, 1, -2, 1, 3) = 2, and S(-l, 1, -1) = W(-l, 1, -1) = 1. 
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2.3. Inequalities. Let (M, be a latticed F-isocrystal over k. Obviously 
V(M, v?) < V+(M, v;) and T(M, v?) < T+(M, v?). Moreover we have 

T(M, ^) < V(M, if) < T(M, ^)rM 

and the same inequalities hold with (T, V) being replaced with (T+, V+). 

2.3.1. Lemma. Let r = (ni, . . . , n^-jv^) G Z*^^. Suppose there exists a W{k)-basis 
{ei, . . . , Cr^} of M such that for i e tm) we. have <^(ej) = p"*ei+i. T/ien u;e /ia?;e 
the following sequence of three inequalities 

(2) T(M,(/?) < Sr < Wr < |ni| + jnal + ■ • • + |n^^ | . 

Proof: The second and the third inequalities follow from very definitions. 

We check the first inequality of (2) only in the case when Yl\=i > and at least 
one entry rii is negative, as in all other cases the first inequality of (2) is checked in the 
same way. We perform the following type of operation. 

Let tt G N U {0} be the greatest number such that there exists t G 5(1, tm) with 
the property that nt-v,t 'l2i=t-v non-positive for all v G S{0,u); we have rit+i > 
0, nt-u-i > 0, and Yli=t-u-i^i > 0- ^or v G S{0,u) we replace et-v by et-v '■= 
p~'^*-'"'*et-v Up to a cyclic rearrangement of r, we can assume t — u = 1; so t = 1 + u 
and = no = rit-u-i > 0. The rM-tuple (ei, . . . , e^+i, e„+2, • • • , er^) is mapped by 

(f into the rM-tuple (e2, . . . , e^+i, e^i+2,p'^"+2e^,+3, . . . ,p'^'"M-^erM,P^'=° ""'ei). We have 

J2^=o "^i ~ Yl\=t-u-i "-i > 0- S° if i'°^ ^ ^ "^("^ + 2,rM — 1) we have rii > 0, then 
the pair (< ei, . . . , e^-i-i, e„_|_2, • ■ • ; c-vm 'Z') is a cyclic Dieudonne-Fontaine p-divisible 
object over k and we are done as by very definitions we have —nt-v,t G 5'(0, Sr) and thus 
p^'^ annihilates the quotient M^(A;)-module M/ < ei, . . . , e^+i, 6^+2) • • • ) i^ ^^is is 

not the case, we next deal with the inoperated entries nu+2, ■ • ■ , n,rM- 

We repeat the operation as follows. Let wi G N U {0} be the greatest number such 
that there exists ti G S{u + 2, tm) with the property that nt-^^-y-^^n '■= "^iLtj^-vi i^ non- 
positive for all Vi G S'(0,Wi); we have Utj^+i > 0, ritj^-ui-i > 0, and XlfLti-ui-i ^ ^■ 
Due to the "greatest" property of u we have ti—ui > u + 2. For vi G S{0, Ui) we replace 
Ct-i^-v^ by ct-^-v-L '■= P~^*^~'"^'*^et^-vi and we repeat the operation for the inoperated 
entries n„+2, n„+3, . . . , nt^-ui-i, n^^+i, nti+2, . . . , n^M- By induction on the number of 
remaining inoperated entries (they do not have to be indexed by a set of consecutive 
numbers in S'(l,rM)), we get that the first inequality of (2) holds. □ 

2.3.2. Example. If for i G 5(1, tm) we have rii G {—1,0, 1}, then from (2) we get 

(3) T(M, v?) < Wr = min{n^,n+}, 

where n~ (resp. n"*") is the number of i's such that = —1 (resp. such that = 1). 

We now consider the case when tm > 3 and (ni, n2, . . . , 'Ttm) = (I5 1? ■ ■ ■ ? 1? So 
(M, (f) has a unique slope ^^^^ that is positive. As (p{M) % M, we have T(M, ip) > 1. 
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But T(M,(/p) < 1, cf. (3). Thus T{M,(p) = 1. In fact (< ei,...,per^ >,(p) is an 
elementary Dieudonne-Fontaine p-divisible object over k whose Hodge slopes are 0, 0, 
1, . . . , 1. It is easy to see that T+(M, (p) = rM - 2; so T+(M, (f) > T(M, (p) for tm > 3. 

2.4. Estimates. Let (M, be a latticed F-isocrystal over k. Let s and /i be 
the s-number and the /i- number (respectively) of (M, (y?). Let 7i be the set of slopes of 
{M[^],(f). If a eTi, we write a= where (oq,, 6q,) e Z x N with g.c.d.{aa, ba) = 1. 

2.4.1. Lemma. Suppose k ^k. Let (a, 6, c) G N x (N U {0}) x (N U {0}). T/iere 
exists a smallest number 

d{a,b,c) e NU {0} 

(resp. d+{a,b,c) e N U {0}^ such that for any latticed F-isocrystal £ over k of 
rank a, s-number b, and h-number c, we have an inequality T(£) < d{a,b,c) (resp. 
T_|_(C) < (i_|_(a, 6, c)J. In particular, for any element g G GliMiW^k)) we have 
T(M, (/(/j) < d{rM,s,h). Moreover upper bounds of d{a,b,c) (resp. of d+{a,b,c)) are 
effectively computable in terms of a, b, and c. 

Proof: As T(C) < T_|_(C), it suffices to prove the Lemma for (i-|-(a, 6, c). To ease the 
notations, we will assume that {tm-, s, h) = (a, 6, c) and that (M, ip) — €. We have 

(4) T+(M, if) < s{max{ba\a en}-l) + T+(M,pV)- 

To check this inequality we first remark that if O is a VF(/c)-submodule of M such that the 
pair {0,p^ip) is an elementary Dieudonne p-divisible object over k and if {ei, . . . , er^} is a 
standard W{k)-hasis of (O^p^if) such that we have {p^(f){ei) = Cj+i for all i G S{1, ro — 1), 
then the following pair {0',(p) := (< p'"°*~''ei,p^°*~^*e2, . . . ,p*ero-i, e^-Q >,<p) is an 
elementary Dieudonne p-divisible object over k. As is a simple F-isocrystal 

over k whose unique slope belongs to 7i, we have ro < max{6Q,|Q; G H}. From this and 
the fact that O/O' is annihilated by 

ps{To-i)^ we easily get that (4) holds. 

Thus it suffices to prove the existence of a number (i-|-(a, 6, c) that has all the required 
properties under the extra assumption & = s = 0; ass = 0, we have H C [0, /i]. We will 
use an induction on a = tm- The case a = 1 is trivial. To accomplish for a > 2 the 
inductive passage from a — 1 = tm — 1 to a = tm, we consider two disjoint Cases. 

Case 1. Suppose the F-isocrystal (M[^],(^) over k is not simple. Let a E H. We 
consider a short exact sequence — > (Mi, (p) — > (M, (p) (M2, such that the F- 

isocrystal (M2[^], p>) over k is simple of a. For i G 5(1, 2), the /i-number of (Mj, is at 
most h and we have < a = tm- By induction, there exists di G NU{0} that has upper 
bounds effectively computable in terms of tm, and c — h and such that there exists a 
VF(/c)-submodule Oi of Mj with the properties that ro^ = tm^, that p^^Mi C O^, and that 
(Oi, is a Dieudonne p-divisible object over k. The map a^" — lw{k) '■ W{k) — > W{k) 
is onto. This implies that p""Mi C ((^^" — p""1mi)(-Mi). Let a; G O2 be such that 
if^°'{x) — p°-°'x and p^°'~^{x) G O2 \p02- If x G M maps into x, then there exists y G Mi 
such that (fi^^iy) — p°'"{y) is p""[(^^"(x) — ^""(x)] G ^""Mi. Thus z := — y G M 
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maps into p°'°'x and we have (p^'^{z) — p°'°'{z). By choosing x to belong to a standard 
VF(/c)-basis of {02,^)-, we get that the monomorphism 12 : {p°'°'02, (f) "— > (M2,V7) hfts 
to a monomorphism j2 : {p"'°'02j^) ^ {M,ip). As (Oi + i2(p""02), v') is a Dieudonne 
p-divisible object over k and as p<^i+<^2+aa annihilates M/Oi + j2(p°'"02), we get 

(5) T+(M, V?) < di + ^2 + < (^1 + ^2 + hb^c < + ^2 + /i^M- 

Case 2. Suppose the F-isocrystal (M[i],(/?) over k is simple of slope a. Thus 
a = tm = ba- Let {ei, . . . , Ca} C M be a S(A;)-basis of M[i] such that ei G M \ pM, 
for i G 5(1, a — 1) we have </7(ej) = Ci+i, and '^{ca) = p°'"ei. For t G 5(1,0), let 
Mt :=< ei, . . . , et > and Mt := Mt[i] n M. We have Mi = Mi and M„ = M. 

2.4.1.1. Claim. There exists a strictly increasing sequence {ct)teS{i,a) of non- 
negative integers that depends only on a — rM o.nd c — h, that is effectively computable, 
and that has the property that for any t G 5(1, a) we have inclusions 

(6) p''^{Mt)^Mt<ZMt. 

To check this Claim we use induction on t G 5(1, a). Taking ci := 0, (6) holds for 
t = 1. Suppose there exists a number r G 5(1, a — 1) such that (6) holds for t G 5(1, r). 
We now check that (6) holds for t = r -\- 1. Thus we have to show that there exists an 
effectively computable natural number Cy+i which is at least c,- + 1 and for which we have 

(7) er+l = ^{Cr) ^ p^+^'^+'M + Mr. 

We write e^+i = ^{cr) — p'^^'Xr+Vr, where Xr G M\pM, Ur G NU{0}, and yr G M^. 
By our initial induction (on ranks) , we can speak about an effectively computable number 
(ir G N that is at least max{(i+(r, 0, l)\l G 5(0, h)}. Let 

(8) Cr+i '■= Or + dr + rlah. 

We show that the assumption > c^+i leads to a contradiction. Let Mq :— 0. Let 
e-r G Mr be such that we have a direct sum decomposition Mr = M^-i© < >. Based 
on (6) (applied with t = r), we can write = yr-i + ^r^r, where yr-i G Mr-i and 
Ir G W{k) Xp^'^+^Wik). Let Wr := cr{lr)~^{yr - ^(2/r-i)) G Mr[^]. We have (^{Cr) = 
Wr + a{lr)~^p'^''Xr^& M. As Ur > c^+i > c^, we have a{lr)~^p'^'' Xr G |)"'-~''^M C M; 
thus Wr G Mr — Mr[^] fl M. Let Tjr be the a-linear endomorphism of Mr that acts on 

Mr-i as does and that takes e-r into Wr] thus r]r{er) — Pr- The difference (p{er) —rjrier) 
is a{lr)~^p'^''Xr G p'^''~^'^M. Thus <^ restricted to M^ and rjr., when viewed as maps from 
Mr to M, coincide mod p'^r--Cr_ From this and the inequality Ur — Cr > h + 1, we get 
that the pair {Mr,r]r) is an F-crystal over k whose /i-number is at most h. 

Let Or be a T4^(fc)-submodule of Mr such that p'^+(^-^'-)M^ C Or and {Or,Vr) 
is a Dieudonne p-divisible object over k. Let G 5(0, T_(_(Mr, ?7r)) be the smallest 
number such that p*'^ei G Or \pOr- We consider a direct sum decomposition {Or,r]r) = 
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{Or,i,r]r) © ■ ■ ■ © {Or,Sr: Vr) into elementary Dieudonne p-divisible objects over k; we can 
assume that the indices are such that the component ei^i e Or,i of p^'^ei e with 
respect to this direct sum decomposition of Or, is not divisible inside 0^,1 by p (i.e. we 
have ei,i ^ pOr,i)- Let tt^ G [0,/i] be the unique slope of {Or,i,r]r)- 

The element p'^^°''^ei = ip^'"'{ei) is congruent mod p'^r~'^r ?y^'"(ei). As we have 
pT+iMr,vr)M^ C Or, we get that Vr'^iei,!) -p'^'""ei,i e pi.+n.-c.-T+(M,,,,,)(5^^^. ^^Yms 
^r'"(^i,i) — P^'"'°'ei,i G p"'''-Cr-T+(M^,77r)(^^ (Or,i,?7r) is an elementary Dieudonne 

p-divisible object over /c whose rank divides r!a and as ei,i e Or,i \pOr,i, there ex- 
ists Zr e Or,i \ pOr,i such that r]p°'{ei^i) = p''-"-'^'' Zr- Thus p'^'"'^''^:^ — p'^'""ei,i e 
^„^_c,-T+(M,,,7,)Q^ .^_ > T+(Mr,?7r) and > Cr+i, from (8) we get - - 

T+(M^,?7j.) > r!/j.a-|- 1. As h> maxjttj., a}, we have r\ah+ 1 > maxlrlaw^., rlao;}. Thus 

(9) Ur — Cr — T+{Mr,'r]r) > maiK{r\aUr, r\aa} . 

From (9) and the relations p^'""^^;^ — p'^-"'°'ei^i G |>"'r--Cr--T+(Mr,r/^)(-)^ _^ g^j^^^ ^ 
Or,i we get that rlaur = r\aa. Thus a = Ur and therefore a = tq^^ < This 

contradicts the fact that r e S{l,a — 1). Thus rir < c^+i and so (7) holds. Thus (6) 
holds for t = r + 1. As c^+i depends only on r, a, h, Cr, and dr and as (by induction) Cr 
and dr depend only on r, a, and h, we get that Cr+i depends only on a and c = h. This 
ends our second induction on t G S{1, a). Thus the Claim holds. 

We have p'^'^M = p'^'^Ma C Ma C M, cf. (6). As {Ma, f) is an elementary Dieudonne 
p-divisible object over k, we get T_|_(M, < Ca- This ends Case 2. 

The above two Cases imply that T_(_ (M, 99) has upper bounds that are effectively 
computable in terms of a = tm and c — h. Thus the number d+{a, 0, c) exists and has 
effectively computable upper bounds in terms of a and c. This ends the initial induction 
(on ranks a) and so it also ends the proof of Lemma 2.4.1. □ 

2.4.2. An interpretation. The estimates of the proof of 2.4.1.1 are different from 
the ones of [22, §1]. It seems to us that loc. cit. can be used in order to improve these 
estimates. Accordingly, we now make the connection between loc. cit., [10, §2], and 
2.4.1.1. We situate ourselves in the context of Case 2 of 2.4.1. Let 0{a) be the Zp- 
algebra of endomorphisms of the unique elementary Dieudonne p-divisible object over k 
of slope a. It is known that 0{a) is an order of the central division algebra over Qp 
whose invariant is the image of the non-negative rational number a in Q/Z, cf. [5, Ch. 
IV, §3]. There exists a VF(/c)-submodule M of M that contains g^^j such 

that the pair (M, is an a-divisible F-crystal over k (i.e. for all n G N we can write 
as pt"^"] times a cr"^-linear endomorphism of M), cf. [22, pp. 151-152]. As we 
have TMCt G N U {0}, aU slopes of (M, (/p^m) are 0. Thus ^PrMi^) = ^- Triples of 
the form (M, iprM ) are easily classified. Their isomorphism classes are in one-to-one 
correspondence to isomorphism classes of torsion free 0(Q;)-modules which by inverting p 
become free 0(Q;)[^]-modules of rank 1, see [10, 2.4 and 2.5]. It is easy to see that under 
this correspondence. Claim 2.4.1.1 is equivalent to the following well known result. 
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2.4.2.1. Claim. There exists a smallest number N{a) G N which has effectively 
computable upper bounds and for which the following property holds: for any element 
X e 0{a) \pO{a), the length of the artinian Zp-module 0{a)/0{a)x is at most N{a). 

2.5. Standard Zp structures. Let (M, (p, G, {ta)aej) be a latticed F-isocrystal 
with a group and an emphasized family of tensors over k such that the VF-condition 
holds for {M,ip,G) (see 2.2.1 (b) and (d)). Let M = ®\^^F\M), {F'{M))i^s{a,b), and 
IJ, : Gm ^ G be as in 2.2.1 (d). Each tensor E T{M) is fixed by both ^ and (p. Let //can '■ 

Gm G\jM be the inverse of the canonical split cocharacter of (M, {F'^ {M))i^s{a,b)-: ^) 
defined in [42, p. 512]. Let M = ®\^^Fi^^{M) be the direct sum decomposition such 
that the cocharacter /Xcan acts on Fl.^^{M) via the — i-th power of the identity character of 
Gm. We have F'{M) = ©J^.F^JM) for aU i e S{a,b) and M = ©ta^(P"'^in(M)), 
cf. loc. cit. The cocharacter fXcan fixes each (cf. the functorial aspects of [42, p. 513]) 
and so it factors through G. As M = (B'^^a'^{p~^F^g^^{M)), the resulting cocharacter 
//can : Gm ^ G IS also a Hodge cocharacter of (M, p, G) in the sense of 2.2.1 (d). 

Let (To := We have ao{M) = p{®\^^p-' F\M)) = M. Thus ao is a a- 

linear automorphism of M and so also of T[M). For ct G we have a"o(ta) — ia- Let 
-^Zp := G M\ao{m) = m}. We now assume k = k. So is a free Zp-module such 
that we have M = Mz^ <8)Zj, and ta G T{Mz^) for aU a e J. Let Gq^ be the 

subgroup of GL^^; [i] that fixes ta for all a E J^; its pull back to Spec(i?(/c)) is GB{k)- 
Let be the Zariski closure of Gq^ in GLjv/z • As G is the Zariski closme of GB{k) 
in GLm, we get that G is the pull back to Spec(VF(A;)) of Gzp- If moreover we have a 
principal bilinear quasi-polarization Am : M ®w{k) M W{k) of (M, p, G), then Am is 
also the extension to W{k) of a perfect bilinear form Amz^ on Mz^. 

2.6. Exponentials. Let H = Spec(A) be an integral, affine group scheme of finite 
type over Spec{W{k)). Let O be a free VF(/c)-module of finite rank such that we have a 
closed embedding homomorphism H ^ GLo; one constructs O as a W(A;)-submodule 
of A (cf. [6, Vol. I, Exp. Vis, 11.11.1]). If p > 3, let Eq := pEnd(O). If p = 2, let Eq 
be the sum of p^End(O) and of the set of nilpotent elements of pEnd(O). Let 

exp : Eo GLo{W{k)) 

be the exponential map that takes x G Eq into YliZo ff' bere x^ := Iq- 

Let I G N. Here are the well known properties of the map exp we will often use. 

(a) If p > 3 and x G p'End(O), then exp(a;) is congruent mod p^^ to Iq + x. 

(b) If p = 2, / > 2, and x G p'End(O), then exp(a;) is congruent modp^^ to lo+x+^ 
and is congruent mod p^z-i _|_ ^ 

(c) If a; G Ue{HB(k)) n Eq, then exp(a;) G H{W{k)). 

To check (c) it is enough to show that exp(x) G H{B{k)). It suffices to check this 
under the extra assumption that the transcendental degree of k is countable. Fixing an 
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embedding W{k) ■— > C, we can view H{C) as a Lie subgroup of GLo(C); so the relation 
exp(a;) e H{B{k)) follows easily from [20, Ch. II, §1, 3]. 

2.6.1. Lemma. Suppose H is smooth over Spec(VF(/c)) . Let I e N. Let gi G 
H{W{k)) be congruent mod to Iq- Then for any i G there exists Zi^i G Lie{H) 
such that gi is congruent mod p^^^ to Iq +P^Zi^i. 

Proof: We use induction on i. The case i = 1 is trivial. Let zi^i be the reduction 
mod p of zi^i. The passage from i toi + 1 goes as follows. We first consider the case when 
either p> 3 or p = 2 and i + 1 < I. Let giJ^i := giexp{—p''Zij) G H{W{k)); it is congruent 
mod p^"*"^ to {lo +p^ zi^i){lo — p^ zij) (cf. 2.6 (a) and (b)) and so also to Iq- By replacing 
gi with gi+i, the role of the pair {i + 1,1) is replaced by the one of the pair (z, / + 1). As 
lo '\'P''Zi,i cind exp(p^^i^/) are congruent mod p*"''-'^"''' (cf. 2.6 (a) and (b)), by induction 
we get that gi = gi+iex.p{p^zi^i) is congruent mod to (Iq +p'+^2;j,/+i)(lo +^'-^1,/) 

and so also to Iq + P^{zi,i +pzi^i+i). Thus as 2:4+1,/ we can take the sum zi^i + pzi^i+i. 

Let now p = 2 and z + 1 = / > 2. We have zf^i G Lie(i7fc), cf. [1, Ch. II, 3.1, 
3.5, Lemma 3 of 3.19]. Thus there exists zi^i G Lie{H) that is congruent mod 2 to 
zf i- But lo — 2^^i,; is congruent mod 2^' to exp(— 2^zi,z)exp(— 2^^~-'^fij), cf. 2.6 (b). 
The existence of Zi-^-i^i is now argued as in the previous paragraph but working with 
gi+i := ^/exp(-2'2;i,/)exp(-2^'~^zi,/) G H{W{k)). This ends the induction. □ 

2.6.2. Lemma. Suppose H is smooth over Spec(VF(/c)). Let / G N. If zi E Lie{H), 
then the reduction mod p^^ oflo +P^zi belongs to H{W2i{k)). 

Proof: We can assume p = 2 (cf. 2.6 (a) and (c) applied with x = p^zi) and / > 2 
(as H is smooth). By replacing Iq + 2^^/ with (lo + 2'2;)exp(— 2'^;;), we can assume (cf. 
2.6 (b)) that zi G 2'~-'^Lie(i?). But this case is obvious (as H is smooth). □ 

2.7. Dilatations. In this Subsection we study an arbitrary integral, closed subgroup 
scheme G — Spec(-RG) of GLm- Let W{kY^ be the strict henselization of W{k). If 
a : Spec{W{kY^) — > G is a morphism, then the Neron measure of the defect of smoothness 
S{a) G N U {0} of G at a is the length of the torsion part of the coherent C'spec(vy(fc)='^)' 
module a*(f^G/Spec(H^(A:)))- Here ^G/Spec{w(k)) is the coherent Oo-module of relative 
differentials of G with respect to Spec{W{k)). As G is a group scheme, the value of 5(a) 
does not depend on a and so we denote it by 5{G). We have 5{G) G N if and only if G 
is not smooth over Spec(l^(fc)), cf. [2, 3.3, Lemma 1]. Let S{G) be the Zariski closure 
in Gk of all special fibres of W {kY^-valued points of G. It is a reduced subgroup of G^. 
We write S{G) = Spcc{Rg/ Jg)i where Jq is the ideal of Rg that defines S{G). 

By the canonical dilatation of G we mean the affine G-scheme Gi = Spec(i?o^), 
where Rg^ is the i?o-subalgebra of -Rg[^] generated by ^, with x G Jg- The Spec(VF(/c))- 
scheme Gi is integral and has a canonical group scheme structure with respect to which 
the morphism Gi — > G is a homomorphism of group schemes over Spec{W{k)), cf. [2, 3.2, 
p. 63 and (d) of p. 64]. The morphism Gi ^ G has the following universal property (cf. 
[2, 3.2, Prop. 1]): any morphism y ^ G of fiat Spec(VF(/c))-schemes whose special fibre 
factors through the closed embedding S{G) ^ Gk, factors uniquely through Gi — > G. 
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Either d{Gi) = (i.e. Gi is smooth over Spec(M^(/c))) or (cf. [2, 3.3, Prop. 5]) we have 
< d{Gi) < d{G). 

By using at most 5{G) canonical dilatations, we get the existence of a unique smooth, 
affine group scheme G' over Spec{W{k)) that is endowed with a homomorphism G' G 
whose fibre over Spec(i?(A;)) is an isomorphism and that has the following universal 
property (cf. [2, 7.1, Thm. 5]): any morphism Y ^ G of Spec(VF(/c))-schemes with Y 
smooth, factors uniquely through G' — > G. In particular, we can identify G'{W{kY^) 
with G{W{kY^). The homomorphism G' — > G is called the group smoothening oi G. Let 

n{G) e 5(0, 5(G)) 

be the smallest number of canonical dilatations one has to perform in order to construct 
G'. We have n{G) = if and only if G is smooth over Spec(l^(A;)). 

The closed embedding Iq : G ^ GL^ gets replaced by a canonical homomorphism 
iQ' '■ G' — > GLm that factors through iq. We identify Lie(G') with a VF(/c)-lattice of 
Lie(Gs(fc)) contained in End(M). Let G N U {0} be the smallest number such that 
we havep^-"(Lie(GB(fc)) nEnd(M)) C Lie(G') C Lie(GB(fc)) n End(M). 

We fix a closed embedding homomorphism G' ^ GLm', where M' is a free W{k)- 
module of finite rank (see beginning of 2.6). Let g e G'{W{k)) = G{W{k)). 

2.7.1. Definition. Let n e N. We say g is congruent modp"' to 1m' (resp. to 1m) 
if and only if the image of g in G'{Wn{k)) (resp. in G{Wn{k))) is the identity element. 

2.7.2. Lemma. We have the following three properties: 

(a) If g is congruent mod p^^ to 1m', then g is also congruent mod p"^ to 1m- 

(b) If g is congruent mod p^'^'^^^^ to 1m, then g is also congruent mod p^ to 1m'- 

(c) We have an inequality d^ui < n{G). 

Proof: Part (a) is trivial. We write G' = Spec(i?G') and GLm = Spec(-RM)- Let 
Iq, Igi-i Ig'-i and Im be the ideals of Rq-, Rcn Re, and Rm (respectively) that define 
the identity sections. We have Iq^ = Ig[^] ^ Rgi and Iq' = Ig[^] ^ Rq'- 

We check (b). Let nig : Rq — > W{k) be the homomorphism that defines g; we have 
mg{lG) C p'^^'^^'^^W{k). Let mig : Rg^ W{k) be the homomorphism through which 
m„ factors. We have mi„ (/gi) C p'^+'^(G)-iiy(A;), cf. the very definition of Rqi- Part 
(b) follows from a repeated application of this fact to the sequence of n{G) dilatations 
performed to construct G'. The cokernel of the cotangent map (computed at W{k)- 
valued identity elements) Ig/Iq ~^ ^Gi/Iqi '^^ annihilated by p, cf. the very definition 
of Rgi- By applying this repeatedly, we get that the cokernel of the cotangent map 
Im/Im ~^ ^G'/^G' annihilated by Taking duals we get that the cokernel of the 

VF(/c)-linear Lie monomorphism Lie((j") "-^ Lie((j'B(fc)) nLie(GLM) is also annihilated by 
pn{G) ^ As Lie(GLM) is the Lie algebra associated to End(M), we get that (c) holds. □ 

2.8. Complements on M{Wg{S)). Let g G N and let / G S{0,q). Let f : Si ^ S 
be a morphism of Spec(Fp)-schemes. Let fg : Wq{Si) — > Wq{S) be the natural morphism 
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of Spec(Z/p'^Z)-schemes defined by /. Let C be an F-crystal over S. In this Subsection 
we include four complements on the category M{Wq{S)). 

2.8.1. Pulls back. Let /* : M{Wq{S)) M{Wq{Si)) be the natural puU back 
functor. So if 5' = Spec(i?) and = Spec(i?i) are affine and if h : {0,(po) — > {O',(po') 
is a morphism of A4{Wq{S)), then f*{h) is the morphism 

In general Wq{S) XWq+i{S) Wq^i{Si) is not Wq{Si). Thus, in general the restriction 
of to M{Wq{S)) and /* do not coincide as functors from M{Wq{S)) to M{Wq{Si)) 
and therefore the sequence of functors (/*)ggN does not define a pull back functor from 
M.{W{S)) to M.{W{Si)). If the Frobenius endomorphism of is surjective, then 
regardless of who S is we have Wq{S) XWq+i{S) Wq+i{Si) = Wq{Si) and thus the sequence 
of functors (/g)g€N does define a pull back functor /* : M{W{S)) M{W{Si)). 

If u is an object (or a morphism) of Ai{Wq{S)), then by its pull back to an object 
(or a morphism) of A4{Wq{Si)) we mean fqiu). If t G N and if fqj^iiu) is an object (or 
a morphism) of M{Wq{Si)), then we have /*_|_^(«) = fq{u). If is the spectrum of a 
perfect field, we also speak simply of the pull back of u via /, to be often denoted as 
f*{u) (instead of either fq{u) or fq+ti'^))- 

If 5" is integral, if ks is the field of fractions of S, and if -u is a morphism of A4{Wq{S)), 
then we say Coker(tt) is generically annihilated by if the pull back of w to a morphism 
of J^{Wq{ks)) = A4{Wq{Spec{ks))) has a cokernel annihilated by p^. 

2.8.2. The evaluation functor E. Let 6q{S) be the canonical divided power 
structure of the ideal sheaf of CvKq(S) that defines the closed embedding S > Wq{S). 
The evaluation of the F-crystal € at the thickening {S ^ Wq{S),6q{S)) is a triple 
(jFg, yjjr^, VjFq), where J^q is a locally free Cxy^(5)-module of finite rank, where ipj^^ : 
Tq ^ jFg is a $5-linear endomorphism, and where Vjc-^ is an integrable and topologically 
nilpotent connection on Tq^ that satisfies certain axioms. In this paper, connections as 
V:f<, will play no role; on the other hand, we will often use the following object 

E(e:;iy,(-S)):= (.F„^^J 

of M.{Wq{S)). A morphism v : € — > €i of F-crystals over S defines naturally a morphism 

E(^;; Wq{S)) : ^{^- Wq{S)) ^ E(c:i; Wq{S)). 

The association v E(z;; Wq{Sy) defines a Zp-linear (evaluation) functor from the cate- 
gory of F-crystals over S into the category M.{Wq{Sy). 

To ease notations, let E(£; VFg(S'i)) := E(£5^; Wq{S\)) and, in the case when S\ = 
Spec(i?i) is affine, let E{e,Wq{Ri)) := E{(t;Wq{Si)). 

The functorial morphism fq : {Si ^ Wq{Si),6q{Si)) {S ^ Wq{S),6q{S)) gives 
birth to a canonical isomorphism (to be viewed as an identity) 

(10) Cf.,q : /;(E(€; Wq{S)))^E{e, Wq{Si)). 



19 



If e : S2 ^ Si is another morphism of Spec(Fp)-schemes, then we have identities 
(11) (/ ° e); = e* o /* and Ce;g o el{cf.g) = Cfoe;q- 

In what follows we will use without any extra comment the identities (10) and (11). 

2.8.3. Inductive limits. Let V ^ Vihe o. monomorphism of commutative Fp- 
algebras. Suppose we have an inductive limit V\ = ind. lim. aeAVa of commutative V- 
subalgebras of Vi indexed by the set of objects A of a filtered, small category. For a e A, 
let : Spec(Va) Spec(y) be the natural morphism. 

Let (O, (/?o) and {O'.ipo') be objects of M.{Wq{V)) such that O and O' are free 
VFg(y)-modules of finite rank. Let (Oi, (/?Oi) and (O^, ^o[) be the pulls back of (O, ipo) 
and (O', ifo') (respectively) to objects of M.{Wq{Vi)). We consider a morphism 

Ul : (Oi,^oJ (Oi,^oi) 

of M.{Wq{Vi)) whose cokernel is annihilated by pK We fix ordered Wq(F)-bases Bq and 
Bo' of O and O' (respectively). Let Bi be the matrix representation of ui with respect to 
the ordered VFq(Vi)-basis of Oi and O'^ defined naturally by Bq and Bq' (respectively). 
As p^Cokeiiui) = 0, for x' e Bq' we can write p'x' ® 1 — U'i{'^^^jg^ x (8) Pxx'), where 
each Pxx' G Wq{Vi). Let be the y-subalgebra of Vi generated by the components of 
the Witt vectors of length q with coefficients in Vi that are either entries of Bi or P^x' 
for some pair {x,x') e Bq x Bq'- As Vu^ is a finitely generated F-algebra, there exists 
CKo e A such that V^^ ^ . This implies that ui is the pull back of a morphism 

Uao:f^°*{0,^o)^f^°*{0',^0') 

of A4{Wq{Vao)) whose cokernel is annihilated by p''. Here are four special cases of interest. 

(a) If y is a field and Vi is an algebraic closure of V, then as V^s we can take the 
finite field extensions of V that are contained in Vi . 

(b) If Vi is a local ring of an integral domain V, then as Vq-'s we can take the V- 
algebras of global functions of open, affine subschemes of Spec(V) that contain Spec(Vi). 

(c) We consider the case when F is a discrete valuation ring that is an N-2 ring 
in the sense of [29, (31. A)], when Vi is a faithfully fiat F-algebra that is also a discrete 
valuation ring, and when each is a l^-algebra of finite type. The fiat morphism 

: Spec(Vao) Spec(y) has quasi-sections, cf. [18, Ch. IV, Cor. (17.16.2)]. In other 
words, there exists a finite field extension k of k and a F-subalgebra V of k such that: (i) 
F is a local, faithfully flat F-algebra of finite type whose field of fractions is k, and (ii) 
we have a morphism /"o : Spec(y) Spec{VaQ) such that / := f'^° o f^o is the natural 
morphism Spec(y) Spec(y). As V is an N-2 ring, its normalization in /c is a finite 
y-algebra and so a Dedekind domain. This implies that we can assume y is a discrete 
valuation ring. For future use, we recall that any excellent ring is a Nagata ring (cf. [29, 
(34. A)]) and so also an N-2 ring (cf. [29, (31. A)]). Let 
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be the pull back of u^^ to a morphism of M.{Wq{V)); its cokernel is annihilated by pK 

If V is the local ring of an integral Spec(Fp)-scheme U, then V is a local ring of 
the normalization of U in k. So from (b) we get that there exists an open subscheme U 
of this last normalization that has F as a local ring and that has the property that u 
extends to a morphism of M.{Wq{ij)) whose cokernel is annihilated by p'. 

(d) If V is reduced and Vi = V^'^'^, we can take A = N and K = V^p"^ (n e N). 

2.8.4. Horn schemes. Let Oi and O2 be two objects of A4{Wq{S)) such that their 
underlying C^^^ (S')-modules are locally free of finite ranks. We consider the functor 

Hom(C>i,C>2) : Sch^ ^ SET 

from the category Sch of jS-schemes to the category SET of sets, with the property that 
Hom(Oi, C2)('S'i) is the set underlying the Z/p^Z-module of morphisms of M{Wq{Si)) 
that are between f*{Oi) and f*{02); here f : Si ^ S is as in the beginning of 2.8. 

2.8.4.1. Lemma. The functor Hom{Oi, O2) is representable by an affine S -scheme 
which locally is of finite presentation. 

Proof: Localizing, we can assume that S = Spec(i?) is affine and that Oi = (Oi, (poi) 
and O2 = (O2, V'02) 3-^6 such that Oi and O2 are free Wg(i?)-modulcs. For i e {1, 2} let 
be the rank of Oi. Let Hom(Oi, O2) be the affine space (of relative dimension qrir2) over 
Spec(i?) with the property that for any commutative i?-algebra Hom(Oi, 02)(i?i) 
is the set of W^5(i?i)-linear maps x : Oi ®Wq{R) Wq{Ri) O2 ^Wg{R) Wq{Ri). We have 
an identity {(P02 ® ^-Ri ) o x = x o {(poi ® ) if and only if x belongs to the subset 
of Hom(Oi, 02){Ri) that is naturally identified with Hom(Oi, C2)(Spec(i?i)). As the 
relation {(P02 ® ^Ri) ° x = x o {(fo^ ® defines a closed subscheme of Hom(Oi, O2) 
that is of finite presentation, the Lemma follows. □ 

2.9. On two results of commutative algebra. In 5.4 and §6 we will use the 
following two geometric variations of well known results of commutative algebra. 

2.9.1. Lemma. Let X and Y be two integral, normal, locally noetherian schemes. 
Let u : X ^ Y be an affine morphism that is birational; let K be the field of fractions of 
either X or Y . Let D{X) and D{Y) be the set of local rings of X and Y (respectively) 
that are discrete valuation rings (of K). If D{Y) C D{X), then u is an isomorphism. 

Proof: Working locally in the Zariski topology of F, we can assume X = Spec(i?x) 
and Y = Spec(i?y) are also affine and noetherian. Thus (inside K) we have 

Ry ^ Rx = f^V€D{X)V ^ (^V&D{Y)V = Ry 

(cf. [29, (17. H)] for the two identities). So Ry = Rx- Thus u is an isomorphism. □ 

2.9.2. Lemma. Let X' = Spec(i?') ^ X = Spec(i?) be a morphism between 
affine schemes which at the level of rings is defined by an integral (i.e. an ind- finite) 
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monomorphism R' . Then an open subscheme U of X is affine if and only if its pull 
back U' := U Xx X' to X' is affine. 

Proof: It is enough to show that U is affine if U' is affine. The morphism U' ^ U 
is surjective (see [29, (5.E)]). So as U' is quasi-compact (being affine), U is also quasi- 
compact. Thus \ ?7*°P is the zero locus in X^°^ of a finite number of elements of R. 
So there exists a finitely generated Z-subalgebra Rq of R such that U is the pull back of 
an open subscheme Uq of Spec(i?o) through the natural morphism Spec(i?) Spec(i?o). 

Let A (resp. A') be the set of finite subsets of R (resp. of R'). For ct G A (resp. 
a' G A'), let Roi (resp. R'^i) be the -Ro-subalgebra of R (resp. of R') generated by a 
(resp. by a'). Let X^ := Spec(i?Q;) and X'^, := Spec(i?^,). Let Ua and U'^, be the pulls 
back of C/q to and X'^, (respectively). As U'^, is a quasi-compact, open subscheme of 
X'^,, it is an X^, -scheme of finite presentation. As the scheme U' is affine, by applying 
[18, Ch. IV, (8.10.5)] to the projective limit U' ^ X' = proj. lim. ^/eA/t/^, ^ X'^, of 
open embeddings of finite presentation, we get that there exists 13' G A' such that t/^, is 
affine. Let /? G A be such that ^ finite i?/3-algebra. As U'^,yj^ — Uj^, Xx'^, ^'p'uis is 

affine, the scheme Up is also affine (cf. Chevalley theorem of [16, Ch. II, (6.7.1)] applied 
to the finite, surjective morphism i/^/j^ — > ?7^). Thus U = Uf^ XXf^ X is affine. □ 

§3 Proof of Main Theorem A and complements 

In 3.1 we prove Main Theorem A stated in 1.2. See formula (18) of 3.1.3 for a concrete 
expression of the number nfam mentioned in 1.2. In 3.2 we include interpretations and 
variants of 1.2 in terms of reductions modulo powers of p; in particular, see 3.2.4 for the 
passage from 1.2 to 1.3. See 3.3 for improvements of the estimates of 3.1.1 to 3.1.5 in 
many particular cases of interest. If p > 3 let Ep := 1. Let £2 := 2. 

3.1. Proof of 1.2. We start the proof of 1.2. Until 3.1.4 we will assume k = k. 
Let V :— dim.{GB(k))- It suffices to prove 1.2 under the extra hypothesis v > 1. Let 
5{G), n{G) G N U {0}, the group smoothening G' ^ G oi G, and the closed embedding 
homomorphism G' ^ GLa/' be as in 2.7. We have G'{W{k)) = G{W{k)). 

Let m := T{Ue{G'),ip) G N U {0}. Based on definitions 2.2.2 (a) and (b), there 
exists a 5(A;)-basis B = {ei, . . . , e^} of Lie{GB{k)) formed by elements of Lie(G') and 
there exists a permutation tt of S{l,v), such that the following three things hold: 

(a) denoting E :=< ei, . . . , >, we have p^Lie{G') Q E C Lie(G"); 

(b) if / G 5'(1, v), then we have (f{ei) — p'^'-e^^^i^ for some ni G Z; 

(c) for any cycle ttq = (Zi, . . . , Iq) of tt, the integers n/^, . . . , ni^ are either all non- 
negative or all non-positive. 

If we have ni. > for all j G <S'(1, g), let T(7ro) := 1. If there exists j G 5(1, g) such 
that ni- < 0, let T(7ro) := —1. Let n G N be such that 

(12) n>2m + ep + n{G). 
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Let Qn G G{W{k)) be congruent mod p"' to 1m- So Qn G is congruent mod 

pn-n{G) (cf. 2.7.2 (b)) and below we will only use this congruence. 

3.1.1. Claim. For anyt G N there exists gt G G'{W{k)) — G{W{k)) congruent mod 
pn-n{G)+t-i-m ^m' and such that gtgn^gT^ <-P~'^ G G'{W{k)) = G{W{k)) is congruent 
mod p'^~'^^'^^~^^ to 1m'- Thus there exists go G G'{W{k)) = G{W{k)) congruent mod 

pn-n{G)-m -^^^ sUch that gogn'P = 'PdO- 

If t > 2 and if the element gt-i exists, then we can replace the triple (n, t, gn) by the 
triple (n + t — 1, l,gt-\gn'~pgt-\^~^)- Thus using induction on t G N, to prove the first 
part of the Claim we can assume that t — 1. As W{k) is p-adically complete, the second 
part of the Claim follows from its first part; this is so as we can take to be an infinite 
product of the form • • - hsh^hi that has the property that for all c G N the element 
he G G'{W{k)) = G{W{k)) is congruent mod p"-'^(G)+c-i-m -^^^ moreover 
hchc-i ■ ■ ■ hig^ifihi^ ■ ■ ■ h~^V~^ G G'{W{k)) = G{W{k)) is congruent mod p^-^iG)+c ^ 
1m'- Thus to prove the Claim, it suffices to prove its first part for t = 1. 

For t = 1 we will use what we call the stairs method for E. Let Zn G Lie(G') be such 
that gn is congruent mod p'"--n{G)+i -^^^ _^ pn-n{G) As n - n{G) > m + 1, based 
on 3.1 (a) we can write 

l£S{l,v) 

where G N depends only on the cycle of tt to which / belongs and where ci G W{k). 
We take the uis to be the maximal possible values subject to the last sentence. Thus 

(13a) ui >n — n{G) — m > m + Sp > Sp > 1. 

From (13a) and (12) we get 

(136) imn{ui + ui'\l, I' G S{1, v)} > 2{n - n{G) - m) > n - n{G) + Ep > n - n{G) + 1. 

Due to (13b), the product gi^^ := UieSii,v)i^M' + p'^'cid) G Gl.M'{W{k)) is 
congruent mod p'^{n-n{G)-m) ^^^^ q^^^ mod _|_ ^^^^^-^ y^P^'^ciCi = 

1m' + P^~"'^'^^ Zn- The element gn'' := ign^)~^gn G GLM'{W{k)) is congruent mod 

pn-n{G) + l (1^, ^^n-n(G)^^)-l(i^, +^n-n(G)^^) ^ ^ave gn = ~g^n^ ~g^n\ 

For I G S{l,v) let qi := -min{0,n,} G Nu{0}. We will choose gi G G'{W{k)) to be 
a product n/es(i v) ^w{p^''^'^^xi^l)i with all a;/'s in W{k). This last product makes sense, 
cf. 2.6 (a) and (b) and the fact that for p = 2 we have ui + qi > ui > m + €2 > S2 = '2- 

For I G S{l,v) we have ui = u^^^i). Thus 

(14) 

<^^rV"'= n exp{-p^^+'i^a{xiMei))= H exp{-p''^+'^^-Hl)+^^-Hl)a{x^-^^l))el). 

ieS{i,v) ies(i,v) 

These exponential elements are well defined even if p = 2, as for p = 2 we have inequalities 
ui + qn-Hi) + n^-Hi) >ui>e2>2. Thus ^^rV"' e ^'(^^(A;)) = G{W{k)), cf. 2.6 (c). 
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We have (^^fV"^ e G'{W{k)) = G{W{k)), cf. 2.6 (c). We have to show that we 
can choose the xi^s such that gign(fgi^(f~^ E G'{W{k)) is congruent mod p"""^*^)"''-'^ to 
1m'- It suffices to show that if Qn is not congruent mod p'^-'^(G)+i 1^,^ then we can 
choose the xis such that by replacing with gn+igignfgi^ E G'{W{k)), where 
gn+i E G'{W{k)) is congruent mod ij^^,^ we can also replace each ui by 

ui +ti, where G N depends only on the cycle of tt to which / belongs. 

The element gign^gi^^~^ G G'{W{k)) is congruent mod p"^-"(<^)+i to the product 
gign^ VQi^ ■ Prom (13a), (13b), (14), and 2.6 (a) and (b), we get that ipg^^(p~^ is 
congruent mod to Y[i^s{i,v)[^m' - p"'^^"-'(')^''"-'(')a-(a;^-i(i))e/]. A similar 

argument shows that gi is congruent mod p"'""*^'^)"''-'^ to 11/65(1 v)i)-M' +P^'-'^'^''Xiei). Thus 

the product gign^^g\^^~^ of the three elements ^i, gn \ and (pgY^(p~^, is congruent mod 
pn-n(G)+i ^Yie following product of three elements 

n {iM'+p'^'+'^xiei) H (IM'+P'^'ciei) H [lM'-p"'+'^--^<')+"--^(')^(a;.-i(0)e/] 
ies{i,v) ies{i,v) ies{i,v) 

and so (cf. (13b)) also to 1m' + EieS{i,v)P'''\p'''^i + c« -p'--'(')+"--'(')(T(a;^-i(z))]e/. 

To show that we can take each ti to be at least 1, it suffices to show that we can 
choose the a;/'s such that we have 

(15) p'^'xi+ci -/--^w+"--i(0(j(a;^-i(i)) e pW{k) V/ e S{l,v). 

In other words, by denoting with x E k the reduction mod p of an arbitrary element 
X G W{k), it suffices to show that for each cycle ttq = {h, . . . , Iq) of tt there exist solutions 
in k of the following circular system of equations over k 

(16) bijXi. + ci. - di.x\._^ = with j e 5(1, g), 

where hi- := p^'j and di- := (here we have lo = Iq, cf. end of 2.1). 

If T(7ro) = 1, then qi. = qi._^ = and ni^_^ > 0; so p'^'^ xi. +ci. -p^'j-i+%-i a{xi._J 
is xij + ci. - p'^^i-'^(j{xi._-^). If T(7ro) = -1, then qi._^ = -ni._^ > and so we have 
p'^^'Xi- +ci. - p'^'-i-'^'^'^^o-i a{xi._^) ^p'^'jxi. +cij - a{xi._^); moreover, there exists jo e 
(5(1, J ) such that qi^^ = —ni-^ > 0. Thus depending on the value of T(7ro) we have: 

(+) bi. = 1 and di. e {0, 1} for aU j e S{1, q), if T(7ro) = 1; 

(— ) dij = 1 and bi. e {0, 1} for all j e S{1, q) and moreover there exists jo e S{1, q) 
such that bij^ = 0, if T(7ro) = — 1. 

If T(7ro) = 1, then based on (+) we can eliminate the variables xi . xt_^, . . . ,ic/g, 
and xi^ one by one from the system (16). The resulting equation in the variable xi^ is 
of the form xi-^ = ui^ + ^h^i^ , where ui^ and vi^ G k. This equation defines an etale 
/c-algebra. Thus (as k is separably closed) the system (16) has solutions in k if T(7ro) = 1. 
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If T{no) = — 1, then based on (-) (and on the fact that k is perfect) the values of 
^ijQ-u • • • : ^ii: xi^, ^iq-n ■ ■ ■ 1 ^ijQ ^re one by one uniquely determined and so the 

system (16) has a unique solution. 

This ends the proof of the first part of the Claim for t = 1 and so it also ends the 
proof of the Claim. 

3.1.2. Inequalities involving s- and /i- numbers. Let s'j^ and /i^ be the s- 

number and the /i-number (respectively) of (Lie(G'), ip). Let Sl and be the s-number 
and the /i-number (respectively) of {Lie{GB{k)) ^ End(M),(/?). We recall from 2.7 that 
<^sm G N U {0} is the smallest number such that we have inclusions 

(17a) p''=-(Lie(G'B(fe)) n End(M)) C Lie(G") C Ue{GB(k)) n End(M). 

Wehavep"^V'(Lie(G'B(fc))nEnd(M)) C Lie(GB(fc)) nEnd(M). Thus p"^+'^=-v7(Lie(G")) C 
p*^+^=-(/?(Lie(GB(fc))nEnd(M)) C /=-(Lie(GB(fc)) nEnd(M)) C Lie(G"). From the very 
definition of we get 

(176) s'l <sl + 4m. 

The /i-numbers of (Lic(GB(fe)) n End(M ),p'^^^-t*^'*^>(^) and (Lie(G')>P"'*''^*'"^'^ V) are 
hL + max{sL, s^} — sl and h'j^ + maix{sL, s^} — (respectively). From this and (17a) 
we easily get that 

(17c) H'l + max{sL, s'^} - s'^ < (ism + hi + max{sL, - sl- 

From (176), (17c), and the inequalities dgm < n{G) < 6{G) (see 2.7.2 (c) and 2.7), we get 

(17d) H'l <hL+ 4m + s'l -SL<hL+ 4m + 4m < /^L + 2d(G). 

3.1.3. End of the proof of 1.2. As v = d\ia{GB{k)): G' , and n{G) depend only on 
G and as s'^ and h'^ depend only on the family {{M,gip,G)\g e G{W{k)) = G'{W{k))} 
of latticed F-isocrystals with a group over k, the number 

(18) nfam := 2d(v, s'^, h'^) + £p + n{G) 

is not changed if (f gets replaced by gtp for some g G G{W{k)). As m < d{y^ s'j^, h'j^) (cf. 
2.4.1), we have nfam > 2m + £p + n{G). So from (12) applied with n = nfam and from 
3.1.1, we get that for any g^^^ £ G{W{k)) congruent mod p'^^^^^ to 1m, there exists an 
isomorphism between (M, (/?, G) and (M, gn^^^ip, G) defined by an element of G'{W{k)) = 
G{W{k)). This property holds even if (p gets replaced by g(p. As n{G) < 5{G), we have 

(19) n{^^<2d{v,s'L,h'L)+ep + d{G). 

So based on the effectiveness part of 2.4.1 and on (176) and (17(i), to end the proof 
of 1.2 it is enough to show that S{G), sl, and Hl are effectively bounded from above. 
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But S{G) is effectively computable in terms of the ideal sheaf of CqLm ^^at defines the 
closed embedding homomorphism G ^ GLm, cf. [2, 3.3, Lemma 2]. As the numbers 
sl and are effectively computable in terms of {Lie{GB(k))i and End(M) and as the 
connected group GB{k) is uniquely determined by its Lie algebra (cf. [1, Ch. II, 7.1]), 
the numbers s l and h l are also effectively computable in terms of the closed embedding 
homomorphism G "-^ GLm- This ends the proof of 1.2. 

3.1.4. Definition. Let {M,<f>,G) be a latticed F-isocrystal with a group over k. 
By the isomorphism number (to be abbreviated as the i-number) of (M, ip, G) we mean 
the smallest number n e N U {0} such that for any G GiWik)) congruent mod to 
'^M®w{k)W{k)i there exists an isomorphism between (M ®w{k) V ® (^ki ^VK(fe)) 

(M ®w{k) W{k)^gn{'^ ® cr^), Gw{k)) which is an element of GiWik)). If G = GLm, we 
also refer to n as the z-number of (M, ip). 

If (M, G, Am) and G^ are as in 2.2.1 (c), then by the i-number of (M, t/?, G, Am) 
we mean the i-number of its latticed F-isocrystal with a group (M, G°) over k. 

3.1.5. Example. Suppose G is smooth over Spec(VF(/c)) and k = k. Thus n{G) — 
dsm = 0, s'l = Sl, h']^ = Hl, and nfam = 2c/(f , sl, h-L) + Sp. Let m := T(Lie(G'), (p). If n 
is as in 3.1.4, then we have < n < 2m + £p < 2(i(t;, s^, /i^) + Ep (cf. 3.1.1 and 3.1.3). 

3.2. Truncations. In 3.2.1 to 3.2.7 we work in a context that pertains to Dieudonne 
modules and top-divisible groups. In particular, in 3.2.1 and 3.2.2 we define and study D- 
truncations that are the crystalline analogues (with a group) over k of truncated Barsotti- 
Tate groups over Spec(A;). In 3.2.8 we consider reductions modulo powers of p of those 
-F-crystals with a group {M,(p,G) over k for which G is smooth over Spec(W^(A;)). In 
3.2.9 we introduce the F-truncations that generalize the D-truncations. 

3.2.1. On D-truncations. Let {r,d) G N x (N U {0}). Let (M, v?, G) be an F- 
crystal with a group over k. Until 3.2.8 we assume that (M, (/?) is a Dieudonne module over 
k, that tm = r, that d is the dimension of the kernel of (p mod p, that G is smooth over 
Spec(I^(A;)), and that the W^-condition holds for jM, G). Let M = F^{M) © F^{M) 
be a direct sum decomposition such that M = (p(F^(M) © ^F^{M)) and the cocharacter 

/J, : Gjn GLm that fixes F^{M) and that acts via the inverse of the identical character 
of G^ on Fi(M), factors through G (cf. 2.2.1 (d)). The rank of F^{M) is d. Let 
ctq := (pfi{p); it is a a-linear automorphism of either M and T{M) (cf. 2.5). As ao 
normalizes Lie{GB{k)) and End(M), it also normalizes Lie(G) = Lic{GB{k)) n End(M). 
As G{W{k)) = G{B{k)) n GLM{W{k)), we have aoG{W{k))ao^ = G{W{k)). 

Let e N. Let : M ^ Mhe the cr~^-linear endomorphism that is the Verschiebung 
map of (M, (f); we have -dip = (p-d = pIm- We denote also by its reduction mod p'^. By 
the D-truncation mod of (M, (p, G) we mean the quadruple 

{M/p'iM,ip,^,Gw,ik))- 

This quadruple determines (resp. is determined by) the reduction mod (resp. mod 
p'^+^) of (M, G). We also refer to {M/p'^M, (p, i?) as the D-truncation mod p^ of (M, (^). 
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If {Mi/p'^Mi, (pi,'di, Gi\y^(^k)) is a similar D-truncation mod p'^, then by an isomorphism 
/ : {M/piM, (p,'&,Gw^{k))^{Mi/p''Mi,(pi,-&i, Giw^(^k)) we mean a Wq{k)-lmeSiT isomor- 
phism / : M /p^M^Mi/p'^Mi such that we have identities /(/? = (fif and = dif and 
the isomorphism GLm/p'jm-^GLmi/p'jMi induced by /, takes Gwq{k) onto GiWq{k)- 

If (Ml, v?!, Gi) is (M, g^, G) with g G ^(^(A;)) and if / G G{Wq{k)), then we say / 
is an inner isomorphism between the L>-truncation mod p'^ of (M, G) and (M, g(p, G). 

3.2.2. Lemma. For g G the following two statements are equivalent: 

(a) t/ie D-truncations mod p"^ of {M,(fi,G) and {M,g(f,G) are inner isomorphic; 

(b) there exists an element g G G{W{k)) such that gg(fig~^ = gq(fi, where gq G 
G(W{k)) is congruent mod p^ to 1m- 

Proof: As G is smooth over Spec{W{k)), the reduction homomorphism G{W{k)) — > 
G{Wq{k)) is onto. Thus it suffices to check that (a) implies (b) under the extra as- 
sumptions that the a-linear endomorphisms </? and g(f coincide mod p*^ and that the 
a"~^-linear endomorphisms and '&g~^ coincide mod p'^. Let go := aQ^gao G G{W{k)). 
Let go^q G G{Wq{k)) be go mod p^. We have ip = o'on{p~^) and gip — CTo9olJ^ij>~^)- We 
get that the two endomorphisms iJi{p~^) and golJ'{p~^) of M coincide mod p'^. Thus 

(i) the element go,q fixes F^{M)/p''F^{M) and is congruent mod p^"-*^ to Im/pim- 

We have ^? = P^J'{p)'^o^ '^9~^ — PI^{p)9o^^o^ ■ We get that the two endomor- 
phisms piJi{p) and PtJi{p)go^ of M coincide mod p^. Thus piJi{p) and piJi{j))go also coincide 
mod and therefore we have an inclusion 

(ii) {lM/p.M - go,<i){F\M)/p'iF\M)) (Zp^-^F''{M)/p'iF%M). 

Let F~^(End(M)) be the maximal direct summand of End(M) on which ^ acts via 
the identity cocharacter of G^. Thus F"^(End(M)) is the Hom(F^(M), F°(M)) factor 
of the following direct sum decomposition End(M) = End(Fi(M)) End(F°(M)) ® 
Hom(Fi(M), F0(M)) ® Hom(FO(M), F^{M)) into W^(/c)-submodules. 

Let U^f be the closed subgroup scheme of GLm defined by the rule: if ^ is a com- 
mutative W^(A;)-algebra, then U^l{A) := lM®^^k)A+F-^{^-n.d{M))®w{k)A ^ GLm(^). 
So U^f is the maximal subgroup scheme of GLm that fixes both F°(M) and M/F°{M); 
it is smooth over Spec(M^(A;)). We have Ue{U^f) = F-i(End(M)). Let be the 
closed subgroup scheme of t/^'f defined by the rule: 

U_i{A) := lM^^,,yA + (Lie(G) n F-i(End(M))) ®wik) A. 

The group scheme is smooth, unipotent, has connected fibres and its Lie algebra is 
the direct summand Lie(G) n F-i(End(M)) of F-i(End(M)). As U_iB{k) is connected 
and Lie(C/_i) C Lie(G), the group U_\B(k) is a closed subgroup of GB{k) (cf- [1, Ch. 
II, 7.1]). Thus U-i is a closed subgroup scheme of G. As n factors through G, we 
have two identities Lie(G') n Lie(C/^\^) = Lie(C/_i) and Lie(G'fc) n Lie(C/^\^^) = Lie(C/_ifc). 
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Thus the intersection U'_i := G D U^'^f has smooth fibres and has U-i as its identity 
component. As the group U^f^^j^^^/U^iB^k) has no non-trivial finite subgroups, we have 
U-iB{k) — U-iB{k)- ^ complete intersection in GLm, U'_i has dimension at 

least equal to 1 + dim([/_ifc) at each A;-valued point. So as dim.{U'_^iJ = dim(C/fe), the 
group U'_^^^^^ = U_iB(k) is Zariski dense in U'_i. Thus U-i = U'_i = G il C/^'f . 

We have go,q G Ker(C/l^'f (W^g(A;)) ^ t/l^f cf. (i) and (ii). As U-i = 

G n U^f, in fact we have go,g G Ker{U-i{Wg{k)) U-i{Wg-i{k))). Thus, up to a 
replacement of ^ by a Ker{G{W{k)) — > G(VFg(/c)))-multiple of it, we can assume that 
go e U-i{W{k)). We write go = 1m + p'^~^u-i, where tt_i G Lie(t/_i). 

Let g := 1m+P^W-i G C/_i(T4^(/c)) ^ G'(T4^(fc)). As we have g-^ = 1m -p'^u-i and 
9o^ = 1m — p'^~^'u_i, we get n{p~^)g~^ n{p) = go^- Thus we compute that gg^g~^ is 
ggao^{p~^)g~^fi{p)aQ^ip = ggaog^^a^^^ = gg{aogaQ^)-^ip = ggg~^(p = g(p. So as g^ 
we can take g. Thus (a) implies (b). Obviously (b) implies (a). □ 

3.2.3. Corollary. Suppose k = k and (M, (p) is the Dieudonne module of a p- 
divisihle group D over Spec(/c) of height r — tm and dimension d. Let n G N U {0} he 
the i-number of {M,(f). Then n is the smallest number t G N U {0, oo} for which the 
following statement holds: 

(*) if Di is a p-divisible group over Spec(A;) of height r and dimension d and if 
Di[p*] is isomorphic to D[p^], then Di is isomorphic to D. 

Proof: The Dieudonne module of Di is isomorphic to (M, gip) for some g G 
GLm(W^(^)); moreover any svich pair {M,g(f) is isomorphic to the Dieudonne mod- 
ule of some p-divisible group over Spec(/c) of height r and dimension d. For g G N, the 
classical Dieudonne theory achieves also a natural one-to-one and onto correspondence 
between the isomorphism classes of truncated Barsotti-Tate groups of level q over k and 
the isomorphism classes of D-truncations mod p'^ of Dieudonne modules over k (see [14, 
pp. 153 and 160]). So (*) holds if and only if for any g G GL M{W{k)), the fact that 
the D-truncations mod p^ of (M, (p) and (M, g(p) are isomorphic implies that (M, (/?) 
and {M,g(f) are isomorphic. From this and 3.2.2 (applied with G = GLm and q — t), 
we get that (*) holds if and only if (M , ip) and (M, gip) are isomorphic for all elements 
g G GLm(W^(^)) congruent mod p^ to 1m- Thus (*) holds if and only if t > n. □ 

3.2.4. Proof of 1.3. To prove 1.3, we can assume that k = k and that {M,(p) 
is the Dieudonne module of D. Let n be the i-number of (M, </?). Let ?ifam be as in 
3.1.5 for G = GLm- We have n < nfam, cf. 3.1.5. From 3.2.3 we get that D is uniquely 
determined up to isomorphism by -D[p"^] and so also by Dlp"^'^™]. Thus the number T(r, d) 
exists and we have T(r, d) < nfam- From 3.2.3 we also get that T(r, d) > n. If d G {0, r}, 
then T{r^d) = nfam = n = 0. If d ^ {Oj''}^ then the s-number and the /i-number of 
(End(M), ip) are 1 and 2 (respectively) and End(M) has rank r^. Thus for d G 5'(1, r - 1) 
we have (cf. 3.1.5) 

n < T{r, d) < Uf^m < 2d{r^ 1, 2) + £p. 
So T(r, d) is effectively bounded from above in terms of r, cf. 2.4.1. This proves 1.3. 
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3.2.5. Principal quasi-polarizations. Suppose r = 2d = vm, k — k, and we 
have a principal quasi-polarization Am of {M,{p). We refer to the triple (M, Am) 
as a principally quasi-polarized Dieudonne module over k. Let G := Sp(M, Am)- Let 

n G N U {0} be the z-number of (M, 99, G). Let {D, \d) be a principally quasi-polarized 
p-divisible group over Spec(/c) whose principally quasi-polarized Dieudonne module is 
isomorphic to {M, (p, Xm)- The principally quasi-polarized Dieudonne module of any 
other principally quasi-polarized p-divisible group over Spec (A;) of height r = tm is of the 
form {M,g(f, Am) for some g G G{W{k)). So as in the proof of 3.2.3 we argue that n is 
the smallest number t G N U {0, 00} for which the following statement holds: 

(*) if {Di,Xdi) is a principally quasi-polarized p- divisible group over Spec(fc) of 
height r = 2d and if the principally quasi-polarized truncated Barsotti-Tate groups of level 
t of {Di, Xd^) and {D,Xd) are isomorphic, then {Di,Xd^) is isomorphic to {D,Xd)- 

As in 3.2.4 we argue that there exists a smallest number T{d) G N such that any 
principally quasi-polarized p-divisible group over Spec(fc) of height r = 2d is uniquely 
determined up to isomorphism by its principally quasi-polarized truncated Barsotti-Tate 
group of level T{d). The number T{d) is effectively bounded from above in terms of the 
relative dimension 2d'^ -\- d oi G = Sp(M, Am) over Spec(VF(fc)) and so also of d itself. 

From the very definition of T{d) we get: 

3.2.6. Corollary. Suppose k = k. Let D he a p-divisihle group over Spec(/c) of 
height r = 2d and dimension d. Let he the Cartier dual of D. Then the numher of 
isomorphism classes of principally quasi-polarized p-divisihle groups of the form {D,Xd) 
is bounded from above hy the finite number of distinct truncations of level T{d) of isomor- 
phism's D^D^ , i.e. hy the numher of elements of the following finite set of isomorphisms 
Im(Isom(i:», D*) ^ Isom(i:»[p^('^)],i:»*[p^('^)])). 

3.2.7. Proposition. Suppose k = k. Let R be the normalization of k[[w]] in 
an algebraic closure K of k{{w)). For * G {k,K} let D* be a p-divisihle group over 
Spec(*) of height r and dimension d. Then is the specialization (via Spec{R)) of a 
p-divisihle group over Spec(K) which is isomorphic to Dk if and only if Dk[p'^^'^''^^] is 
the specialization (via Spec(-R)^ of a truncated Barsotti-Tate group of level T{r,d) over 
Spec(-ftr) which is isomorphic to Dk[p'^^^''^^]- 

Proof: It suffices to check the if part. Let be a truncated Barsotti-Tate group of 
level T{r,d) over Spec(i?) that lifts Dk\jF'^^''^^] and that has the property that its fibre 
over Spec(i^) is isomorphic to D^b^^'"''^^]- Let Rq be a finite ^[[wjj-subalgebra of R such 
that Qr is the pull back of a truncated Barsotti-Tate group Qr^ of level T(r, d) over 
Spec(i?o)- As Rq is a complete discrete valuation ring, there exists a p-divisible group 
D'^^^ over Spcc(i?o) that Hfts both Dk and (cf. [21, 4.4 f)]). The pull back of D'^^ to 
Spec(A') is isomorphic to Dk (cf. 1.3) and it specializes (via Spec(i?)) to Dj.. □ 

We have a logical variant of 3.2.7 in the principally quasi-polarized context. We next 
consider F-crystals with a group over k. 
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3.2.8. Theorem. Suppose k = k. Let (M, G) be an F -crystal with a group over 
k; so (p{M) C M. Let h be the h-number of {M,ip). Let m := T(Lie(G), and let 
n:=2m + Sp. Let g e G{W{k)). Lett eN Li {0}. 

(a) Suppose G is smooth over Spec{W{k)) and there exists gh+^+t G G{Wh+n+tik)) 
which is an isomorphism between the reductions modp^^^^^ of {M, gip) and (M, ip). Then 
there exists go G G{W{k)) which is an isom,orphism between [M, g(f,G) and {M,(p,G) 
and whose image in G{Wh+n+t{k)) is congruent mod p'^~'^~^^ to gh+n+t- 

(b) IfG = GLm; then the images of the two reduction homomorphisms Aiit(M, ip) — > 
Aut(M/p"-'^+*M, (/?) and Aut(M/p'^+'^+*M,(/7) ^ Aut(M/p'^-"^+*M, (/?) are the same. 

Proof: Part (b) is a practical application of (a) for the case when G — GLm- As 
G(W{k)) surjects onto G{Wh+n+t{k)) , it suffices to prove (a) under the extra assumption 
that gh+n+t = ^M/ph+r^+tM- So g mod fixes Im{(f{M) M/p^+^'+^M). But 

p'^M C (p{M) and so g mod p^+n+t Qx.es also the W/j,+n+t( A;) -sub module p^ M / p^'^'^'^^ M 
of M/p^^'^^'^M . Thus g is congruent mod to 1m- So the element exists, cf. 3.1.1 
(applied with G = G' , M = M', and n{G) = 0). □ 

3.2.9. On F-truncations. One can generalize the iI>-truncations of 3.2.1 as follows. 
Let (M, G) be a p-divisible object with a group over k and let (F*(M))jg5(„ be a lift 
of it (see 2.2.1 (b) and (d)). Let ipi : F^{M) — > M be the u-linear map defined by the rule 
(pi{x) = p~'^(p{x), where x e F^{M). We denote also by (pi its reduction modp^. By an in- 
ner isomorphism between {M/p'iM,{F'{M)/p'iF'{M)),(,s(a,b)AVi)ieSia,b),Gwg(k)) and 
a similar quadruple {M/p1M,{Fl{M)/p1Fl{M)),^s{a,b),ii9^)^)^eSia,b),Gw,{k)) defined 
by some lift {Fl{M))i(zs{a,b) of {M,g(p,G) (with g G G{W{k))), we mean an arbitrary 
element / G lm{G{W{k)) G{Wq{k))) that has the following two properties: 

(i) it takes F'{M)/piF'{M) onto F{{M) / pi Fi{M) for aU i G S{a,b); 

(ii) we have f^pi = {g(fi)if for all i G S{a,b). 

By the F -truncation mod p^ of (M, G) we mean the set Fq{M, (f, G) of inner iso- 
morphism classes of quadruples {M/p^M, {F'{M)/p'iF'{M))i^s{a,b). {^i)ieS{a,h)^Gw^{k)) 
we obtain by allowing (F*(M))jg5(-„ to run through all lifts of (M, (/?, G). 

If (M, if) is a Dieudonne module over k and if G is smooth, then it is easy to see 
that the D-truncations mod p^ of (M, </?, G) and (M, G) are inner isomorphic if and 
only if the F-truncations mod p^ of (M, G) and {M,g(p, G) are inner isomorphic. 

3.3. Refinements of 3.1.1. In many particular cases we can choose the W {k)-span 
F of 3.1.1 (a) to be stable under products and this can lead to significant improvements of 
the inequalities we obtained in 3.1.1 to 3.1.5. For the sake of generality, we now formalize 
such improvements in a relative context. 

Let (M, G) be a latticed F-isocrystal with a group over k. Until §4 we assume 
k = k. Until §4 we also assume that there exists an integral, closed subgroup scheme Gi 
of GLm which contains G and for which the following two conditions hold: 

(i) the triple (M, (p, Gi) is a latticed F-isocrystal with a group over k; 
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(ii) there exists a i?(/c)-basis Bi :— {ei, . . . , e„^} of Lie(Gis(fc)) and a permutation 
TTi of S{l,vi), that have the following four properties: 

(ii.a) El :=< ei, . . . , e„j > is a VF(fc)-submodule of End(M) such that EiEi C Ei, 

(ii.b) each cycle (/i, ■ ■ ■ ,lq) of tti has the property that for j e S{1, q) we have (p{ei.) = 
p"'^ e^^.^^ , where the integers ni. 's are either all non-negative or all non-positive; 

(ii.c) if V := dim{GB(k)) (so v e S{l,vi)), then the intersection E := Ei r\Lie{GB{k)) 
has {ei, . . . , Cv} as a VF(A;)-basis and moreover the permutation tti normalizes S{l,v); 

(ii.d) for any t G N and every element of G{W{k)) that has the form ^M+'^i^s{i vi) P^^l^h 
where all x/'s belong to W{k), we have xi e pW{k) for all I e + 1, vi). 

Let 

:= n End(M) = Lie(G'iB(fc)) n End(M). 

Prom (ii.a) wc get that 1m + -E'2 is a semigroup with identity contained in End(M). 

3.3.1. Lemma. There exists a dosed subgroup scheme G2 of GLm that is defined 
by the rule: if A is a commutative W{k)-algebra, then G2{A) is the group of invertible 
elements of the semigroup with identity iM^w^k)^ + -^2 'S>w{k) ^- have Gi = G2- 

Proof: We show that G2 is an integral, closed subgroup scheme of GLm and that 
Ue{G2Bik)) ^ E2[^] = Ei[^]. If 1m e E2, then 1m + E2 = E2 is a W^(/c)-subalgebra of 
End(M) which as a VF(A;)-submodule is a direct summand; so obviously G2 is an integral, 
closed subgroup scheme of GLm and we have Lie(G2B(A;)) ^ -^2[^] = 

We now consider the case when 1m ^ E2. Let E^ := End(M) n (^ai^] + S(fc)lM); 
it is a W(A;)-subalgebra of End(M) that has E2 as a two-sided ideal. The finite W{k)- 
algebra Es/E2 is isomorphic to a VF(/c)-subalgebra of B(k)lM and so to W{k)lM- So 
as VF(/c)-modules, we have a direct sum decomposition E^ = E2 ® VF(/c)1m- Let Gs 
be the integral, closed subgroup scheme of GLm of invertible elements of £'3. Let x e 
lM(g)vt,-(fe)A + E2 ®w{k) ^ be an element that has an invertible determinant. The inverse 

G End(M) of x belongs to Gs{A) and moreover modulo the ideal E2 (^w{k) ^ of 
E3 ®M/(fc) A it is lM(g)vK(fe)A- Thus x"^ G lM(Sw(k)A + E2 ^wik) A. This implies that the 
group G2 {A) is the group of all elements of lMi^w(k)A''rE2 ®vK(fc) A that have an invertible 
determinant. From this description of points of G2, we get that G2 is an integral, closed 
subgroup scheme of either GLm or G3 and that we have Lie(G2B(A;)) ^ -^2[^] = 

If a; G El, then we have 1m + P*x G G2iW{k)) for aU t » 0. Thus Ei[^] C 
Lie(G2B(fe)) and therefore we have identities Lie(Gi_B(fe)) = Ei[^] = E2[^] = Lie{G2B(k))- 
So GiBik) = G2Bik), cf. [1, Ch. II, 7.1]. Thus Gi = G2. □ 

3.3.2. Theorem. We recall that conditions 3.3 (i) and (ii) hold. Let mi G Nu{0} 

be the smallest number such thatp'^^{E2) Q Ei C E2. Let g e G{W{k)) n (1m +p''-E'i) 
with j G N. If p = 2 we assume that either G — Gi or j > 2. We have: 

(a) There exists g G G{W{k)) fl (1m + P^Ei) which is an isomorphism between 
{M,g(fi,G) and {M,(p,G). 
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(b) The i-number of (M, G) is at most mi + 1. 

Proof: To prove (a), we write g = + J2ieS{i ^ji) P'^^Ki)^/' where all Xi(j)'s belong 
to W{k). By induction on t G {j, j + 1, . . .} we construct an element gt G G{W{k)) such 
that there exist elements xi{tys in W{k) that satisfy the identity 

(20a) gtgt-i ■ ■ ■ gjQVgJ^ ■ ■ ■ gt\gi^(fi~^ = 1m + P*^^ (*)^'- 

ies{i,vi) 

If t = j let gt :— 1m- The passage from t to t + 1 goes as follows. For / G S{l,Vi) let 
qi := — min{0,n/}; we recall that n/ G Z is such that ^p{ei) =p"''e^^(i) (cf. 3.3 (ii.b)). 

We first consider the case p > 3. Let 
(206) gt+i:= J] expip'+^^xiit + l)ei) e GiWik)), 

l&S{l,v) 

where all xi{t + l)'s belong to W{k). As tti normalizes 5(1, f ), we have 
(20c) m+iV~'= n exp(-p*+«'+-'a(£K*+l))e.,(o)eG'(W-(/c)) 

/GS(1,?;) 

(to be compared with (14)). As EiEi C Ei and p > 3, for any e G i?i the element 

exp(p*e) = 1m + Si^i belongs to 1m +p^Ei. From this and the inequalities qi > 
and qi + ni > 0, we get that any exponential element of either (20b) or (20c) belongs 
to 1m +P*Ei. Thus, as 1m + p^Ei is a semigroup contained in End(M), we get that 
gt+i e 1m +P*Ei and that (cf. also (20a)) we can write 

{20d) gt+i{9t ■ ■■9j9'fi9j^ ■ ■ ■9t^'fi~^)^9t+i^~^ = 1m + P^x'i{t + l)e/, 

iesii,vi) 

where all a;J(t + l)'s belong to W{k). Ui>v, then x'i{t + 1) G pM^(A;) (cf. 3.3 (ii.d)). 

Based on 2.6 (a), from (206), (20c), and {20d) we get that for any I G S{l,v) the 
Witt vector x'i{t+ 1) G W{k) is congruent mod p to the sum (to be compared with (15)) 

p'l'xiit + 1) + xi{t) -/''i"'^'^^'^i"'''V(x^-i(;)(t + 1)). 

As in the part of the proof of 3.1.1 that pertains to (+) and (-), we argue that we 
can choose the xi{t + l)'s with I G S{1, v) such that we have a;J(t + 1) G pW(k) for all 
I G S{l,v). Thus for all / G S{l,vi) we can write p*x'i{t + 1) = p*'^^xi{t + 1), where 
xi{t + 1) G W{k). This ends the induction for p > 3. 

Let now p = 2. For t > 2, we have 2t — 1 > t + 1. So the above passage from t to 
t + 1 has to be modified only if t — j = 1, cf. 2.6 (b). As EiEi C Ei, for any e G -Ei 
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the element 1m + pe has an inverse in 1m + pEi and thus (cf. 3.3.1) it is an element of 
G2{W{k)) = Gi{W{k)). Thus, if t = j = 1 and G = d, we can take 

(20e) ^2:=1m+ Y1 p'^'''xii'^)ei e G2iW{k)) = Gi{W{k)) = G{W{k)) 

l€Sil,v) 

and we can proceed as above. This ends the induction. 

The infinite product g ■ ■ ■ gj+29j+igj G G{W{k)) fl (1m +p-' Ei) is well defined (as 
W{k) is p-adically complete). Passing to limit t — > oo in (20a), we get gg(fg^^(f^^ = 1m- 
Thus g is an isomorphism between {M,g(p,G) and {M,(p,G). So (a) holds. 

We prove (b). For g e G{W{k)) ^ Gi(W(k)), we have g-lu e E2 (cf. 3.3.1). If 

g is congruent mod ^"^1+^ to 1m, then g — 1m ^ ^"^^+^£'2 C pEi. Thus G G(T4^(/c)) fl 
(1m + pEi). So there exists an isomorphism between (M, g(f, G) and (M, 99, G) which is 
an element of G{W{k)), cf. (a) applied with j — 1. So (b) follows from definition 3.1.4.0 

3.3.3. Variant. Suppose G = Gi and EiEi = 0. Then 3.3.2 (a) holds even if j = 0, 
i.e. even if we only have g G G{W{k)) fl (1m + E). This is so as we have exp(x) = 1 + x 
for any x E E — Ei. Thus the proof of 3.3.2 (a) holds even if j = and so the proof of 
3.3.2 (b) can be adapted to get that the z-number of (M, G) is at most mi. 

3.3.4. Corollary. Let mi be as in 3.3.2. We assume that G — Gi and that all 
slopes of (Lie(Gs(jt)), </?) are 0. Then the i-numher of (M, G) is at most mi. 

Proof: Let Ezp '■= {x G Lie{GB{k)) H End(M)|(/?(x) = x}. We can assume E = Ei is 
the W{k)-span of Ez^. We have Ez^Ez^ C Ez^, cf. 3.3 (n.a). Let gm, e G{W{k)) be 
congruent mod p'^^ to 1m- We write gmi = 1m + e, with e & E (to be compared with 
the proof of 3.3.2 (b)). Based on 3.3.2 (a), to prove the Corollary it suffices to check that 
there exists g G G{W{k)) such that ggm^ipg~'^ip~'^ G G{W{k)) n (1m +pE). 

The element 1 + e = gmi e G{W{k)) normahzes E2. Thus (1m + e)E C E C E2 = 
(1m + e)£'2- So by reasons of length of artinian modules we get that (1m + e)E = E. 
Let e' G i? be such that (1m + e)e' = — e. Thus (1m + e)(lM + e') = 1m + e — e — 1m- 
So (1m + e)-i = 1m + e' G 1m + £^ = 1m + £^Zp ®Zp W{k). 

Let H be the group scheme over Spec(Zp) defined by the rule: if ^ is a commutative 
Zp-algebra, then H{A) is the group of invertible elements of the semigroup with identity 

lM0vK(fe)-4 + -^Zp ®Zp A contained in End(M) <^w{k) ^- The automorphism a of W{k) acts 
naturally on H{W{k)). IfuE H{W{k)), then u G G{W{k)) (cf. 3.3.1) and a{u) = aua'^ 
is (pu(p~^ G if(VF(/c)). Moreover we have gm^ G H{W{k)), cf. previous paragraph. 

Let (jm^ be the image of gmi in H{k). The scheme if is an open subscheme of the 
affine space over Spec(Zp) that is of relative dimension v and that is defined naturally 
by Ezp- Thus the group scheme H over Spec(Zp) has connected fibres and is smooth. 
Moreover, the special fibre is a quasi-affine group and thus also an affine group over 
Spec(Fp) (cf. [6, Vol. I, Exp. VI^, 11.11]). Let | G H{k) be such that ^grmCrQ)-^ is the 
identity element of H{k), cf. Lang theorem (see [1, Ch. V, 16.4]). Let g G H{W{k)) be an 
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element that lifts g. The element ggmi^g ^ — ggmiO'{g ^) G H{W{k)) ^ G{W{k)) 
has a trivial image in H{k) and thus it belongs to 1m +pE. □ 

3.3.5. Example. Let c G N be such that g.c.d.{c,rM — c) = 1. We assume (M, ip) is 
the Dieudonne module of ap-divisible group D over Spec(/c) of height r := tm, dimension 
d:=r-c = rM-c, and (unique) slope Let m := T(End(M), (p). Let £^ be the W{k)- 
subalgebra of End(M) generated by elements of End(M) fixed by ip. As all slopes of 
(End(M[^]), (f) are 0, any M^(/c)-submodule O of End(M) with the property that (O, ip) 
is a Dieudonne-Fontaine p-divisible object over k, is -generated by elements fixed 
by (p and so is contained in E. Thus m e N U {0} is the smallest number such that 
p"^End(M) C E. As c G N, we have E End(M) and so m > 1. The z-number n 
of (M, (fi) is at most m, of. 3.3.4. But D is uniquely determined up to isomorphism by 
D\p'^] (cf. 3.2.3) and thus also by D\p'^]. Using direct sums of t e N copies of (M, </?), a 
similar argument shows that is uniquely determined up to isomorphism by 

3.3.6. Example. The case m = 1 of 3.3.5 also solves positively the isoclinic case 
of [35, Conjecture 5.7] as one can easily check this starting from [10, 5.3 and 5.4]. For 
reader's convenience here is the version of the last sentence in the spirit of this paper. 
In this Subsubsection, we use the notations of 3.3.5 and we moreover assume that D is 
such that there exists a VF(/c)-basis {cq, ei, . . . , e^_i} of M with the property that v'(ei) 
is Ci+d if ^ e S{0, c — 1) and is pcj+d if z e S{c,r — 1). Here and below, all the lower 
right indices of the form i and ij are mod r. For i,j G S{0,r — 1) let e^j G End(M) be 
such that it annihilates ej' if j' ^ j and takes ej into e^. We have (fi{eij) = p^"-'^ ei+d,j+d, 
where the integer riij is defined by the rule: 

(*) it isO if{ij) G S{0,c-l)^US{c,r-l)^, it is 1 if{i,j) G S{c,r-1) x S{0,c-1), 
and it is —1 if {i,j) G S{0, c — 1) x S{c, r — 1). 

We check that m = 1 . Replacing D by if necessary, we can assume c > d = r — c; 
so c > |. Based on (2) and the inequality m > 1, to show that m = 1 it is enough 
to show that for all pairs (i,j) G S'(0,r — 1)^ we have an equality Sr^j = 1, where 

Tij := {riij, niJ^d,j+di 'ni+2d,j+2dj • • • , 'n-i+(r-l)(i,j + (r-l)d)- 

So it suffices to show that none of the Tjj's is of the form (—1, 0, 0, . . . , 0, —1, . . .), cf. 
definitions 2.2.4 (b) and (c). Thus it suffices to show that for any pair (zo,io) G S'(0, c — 
1) X S{c,r — 1), the first non-zero number of the sequence rii^+djo+dj • • ■ ji^io+rdjo+rd is 
1. We write jo = c + do, with do G 5(0, d — 1). As do G 5(0, c — 1), we can assume 
rii^+djo+d = nio+d,do isO. Thus (iiji) := {io + d,do) G 5(0, c-l)^ and we have zi > ji. 

We have to show that the first non-zero number of the sequence n-i-^j-^ , Ui-^+dji+d, ■ ■ 
ni^+(^r-i)d,ji+{r-i)d is 1- We can assume n,^+d,ji+d 7^ 1- As ii > ji we have Ui^+dj^+d 
-1. Thus Ui^+dji+d = 0. If ii -t- d < c - 1, let (i2,i2) := {k + d,ji + d) e S{0,c- 1)^; 
if zi -|- d > c, then from (*) and the equality rii^+dji+d = we get ji + d > c and 
thus we have (z2,i2) := (^i + '2d — r,j\ + 2d — r) G 5(0, c — 1)^. We conclude that 
(^2, J2) G 5(0, c — 1)^ and Z2 > J2- We have = 0. We have to show that the first 

non-zero number of the sequence rii^j^, . . . , nj2+(r-i)d,i2+(r-i)d is 1- As in this way we 
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can not construct indefinitely pairs {iu,ju) G S{0, c — 1)^ with iu > ju (here u G N), we 
get that the first non-zero number of the sequence rii^j^, . . . , nj2+(r-i)d,i2+(r-i)d is 1. 

So Sri J = 1 and m = 1. Thus for t e N, D* is uniquely determined up to isomor- 
phism by -D*[p] (cf. end of 3.3.5). This was predicted by [35, Conjecture 5.7]. 

3.3.7. Example. We assume that all slopes of (End(M),<^) are and that Gi = 
GLm- Thus 3.3 (i) holds. Let Eiz^ be the Zp-subalgebra of End(M) formed by elements 
fixed by Let Ei := Eiz^ W{k) C End(M); we have Vi = rj^ and E2 = End(M). 
We also assume that p > 3 and that G = Sp(M, Am) (resp. and that G = SO(M, Am)), 
where Am is a perfect alternating (resp. perfect symmetric) bilinear form on M which 
is a principal (resp. a principal bilinear) quasi-polarization of {M,(fi). As p > 3, we 
have a direct sum decomposition End(M) = Lie(G) © Lie(G)-'-, where Lie(G)-'- is the 
perpendicular of Lie(G) with respect to the trace form on End(M). As (/? normalizes 
Lie(G)[i], it also normalizes Lie((j')-'-[i]. Thus Ei has a VF(/c)-basis Bi = {ei,...,e„^} 
that is the disjoint union of a Zp-basis {ei, . . . , e„} of Eiz^ H Lie(G) and of a Zp-basis 
{e„+i, . . . ,e„J of EiZp n Lie(G)-^. Let tti := ls(i,v,)- 

Properties 3.3 (ii.a) to (ii.c) hold, cf. constructions. We check that 3.3 (ii.d) holds. 
Let g e G{W{k)) be of the form 1m + J2ies{i vi)P*^i^i'> where all a;/'s belong to W{k). 
The involution of End(M) defined by Am fixes Lie(G)-'- and acts as —1 on Lie(G'). Thus 
the product (1m - Yl'i=iP^xiei + J2'lLv+iP^xiei){lM + Y.ieS(i,vi)P^^i^i) i^ 1m (as g E 
G{W{k))) and belongs to 1m + 2(^"^„^^ p*,x;e;) +p^+^Ei. As p > 3, for / e S{v + l,vi) 
we have xi e pW{k). So 3.3 (ii.d) holds. Thus 3.3 (ii) holds. So 3.3.2 applies. In 
particular, the z-number of (M, (/?, G) is at most mi -|- 1, where mi e N U {0} is the 
smallest number such that we have p"*iEnd(M) C Ei = E^z^ ®Zp W{k) (cf. 3.3.2 (b)). 

§4 Four examples 

In this section we include four examples that pertain to Subsections 3.1 to 3.3. Let 
Sp e {1, 2} be as before 3.1. Let (M, (/p, G) be ap-divisible object with a group over k. Let 
n e N U {0} be the z-number of (M, ^p, G), cf. 3.1.4. In this Section we will assume that 
k = k and that G is a reductive group scheme over Spec{W{k)). Thus the group scheme 
G is smooth over Spec(VF(A;)) and its fibres are connected and have trivial unipotent 
radicals. As G is smooth over Spec(VF(/c)), with the notations of 2.7 we have G — G' and 
n{G) = 0. Let M = ©,La^'(^), (^'(^))ieS(a,b), and /x : ^ G be as in 2.2.1 (d). 
Let 6l e '5(0, 6 — a) be the smallest number such we have a direct sum decomposition 

Lie(G) := ®%_,J\Ue{G)) 

with the property that j3 G Gm{W{k)) acts on F*(Lie(G)) through as the multiplication 
with As the group scheme G is reductive, both VF(fc)-modules F''^(Lie(G)) and 

F"''^ (Lie(G)) are non-zero. As in 2.5, we have a a-linear automorphism do := </?/u(p) of 
M. As (/? = a"o/u(p~"^), the s-number of (Lie(G), (f) is 6l- If &l < 1, we say (M, G) is a 
Shimura p-divisible object over k. Let /_i G N U {0} be the rank of F~^(Lie(G)). 
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In Subsections 4.1 to 4.5 we will consider four unrelated situations. 

4.1. Example 1. In this Subsection we assume that 6l = 1 and that all slopes of 
(Lie(G), ip) are 0. Let / G N be the smallest number such that there exists a filtration 

^ = £QQ£iQ---QEf := Ue{G) 

by -sub modules that are direct summands, with the property that for any num- 
ber i G S{l,f), the quotient VF(fc)-module £i/£i-i is a maximal direct summand of 
\Ae{G)/£i-\ normalized by ip. For i G S{2,f) we choose Xi E £i \ {£i-i + p£i) such that 
we have p(p{xi) — pxi G £i-i \ p£i-i and the images of xi, . . . , Xi-i, and Xi in 

Lie(G)/(F°(Lie(G)) + F^(Lie(G)) + pUe{G))^F-^{Ue{G))/pF-^{Ue{G)) 

are A;-linearly independent. The possibility of making such choices is implied by the 
maximal property of £i/£i-\. By reasons of ranks we get / — 1 < /-i- By induction 
on j G /) we get ip normalizes £i + p£2 + ■ ■ ■ + p^~^£j. Taking j = /, we get that 
E := £i + p£2 + ■ ■■ + p-^~^£f has a VF(/c)-basis formed by elements fixed by (f. Thus 
{E,(p) is a Dieudonne p-divisible object over k. As p^~^ annihilates Lie(G)/£' we get 
T{Ue{G),ip) < / - 1. Thus (cf. 3.1.5 for the first inequality) 

n < 2T(Lie(G'), ^) + £p < 2(/ - 1) + £p < 2/_i + Sp. 

Often 3.3.4 provides (resp. 3.3.2 (b) and 3.3.7 applied with G\ = GLm provide) 
better upper bounds of n. For instance, if G = GLm (resp. if p > 3 and G = Sp(M, Am) 
with Am as a principal quasi-polarization of (M, (/?)) we get n < T(Lie(G), ip) < /_i (resp. 
n < T(Lie(G'), v?) + 1 < f-i + 1)- If (Af, (p) is the Dieudonne module of a supersingular 
p-divisible group over Spec(/c) of height 2d and if G = GLm (resp. and if p > 3 and 
G = Sp(M, Am)), then /_i is d"^ (resp. is ^-^). Thus we have the following concrete 
application of 3.2.3 (resp. of 3.2.5): 

4.1.1. Proposition. Let d G N. If p > 2 (resp. if p > 3), then any (resp. any 
principally quasi-polarized) supersingular p- divisible group of height r = 2d over Spec(A;) 
is uniquely determined up to isomorphism by its truncated (resp. its principally quasi- 
polarized truncated) Barsotti-Tate group of level d^ (resp. of level + Ij- 

4.2. Root decompositions. The image of /x is either trivial or a closed Gm 
subgroup of G and thus its centralizer in G is a reductive group scheme which has a 
maximal torus (cf. [6, Vol. Ill, Exp. XIX, 2.8 and 6.1]). Thus there exists a maximal 
torus T of G through which /i factors. We have Lie(T) C F'^(Lic(G)). It is easy to check 
that there exists g G G{W{k)) such that g<p normalizes Lie(T). Accordingly, for the next 
three Examples (i.e. until §5) we will assume that we have (p(Lie{T)) = Lie(T). Let 

Lie(G) = Lie(T) 

7G* 
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be the root decomposition relative to T. So $ is a root system of characters of T and 
each is a free W^(/c)-module of rank 1 on which T acts via the character 7. 

Let A be a basis of $ such that ©^eAS7 ^ ®%QF\ljie{G)) . Let and $~ be 
the sets of positive and negative (respectively) roots of $ with respect to A. Let C 
be the unique Borel subgroup scheme of G which contains T and for which we have 
Lie(C) = Lic(T) 0^^$+ fl-y, cf. [6, Vol. Ill, Exp. XXII, 5.5.1]. As Lie(C)[i] is generated 

by the i?(/c)-vector subspace ©7eA07[^] of the Lie algebra {}-'^^{Ct))[^], we have 

an inclusion Lie(C) C ®J^oF^(Lie(G')). 

As n factors through T, for any root 76$ there exists an integer 72(7) G S{—bLj hi) 
such that we have C F'^(^)(Lie(G)). As = (^oA*(p"^) and (Jo(Lie(T)) = vp(Lie(T)) = 
Lie(T), there exists a permutation 11 of $ such that we have 

(21) (70(57) = 5n(7) and ^{q^) = P^^'^hn{^)^ V7 e 

If 7 e (resp. if 7 e $~), then 77,(7) ^ ^'(0, 6l) (resp. then 77,(7) ^ S{-hL, 0)); this is a 
consequence of the inclusion Lie(C) C ®J^oF*(Lie(G')). 

As Lie(T) is normalized by it has a W{k)-hs&is formed by elements fixed by (p. 
Let Ho := (71, ... ,7^) be a cycle of 11. For j e <S'(1,Z) let y^. e \ {0} be such that 
(cf. (21)) we have '^iy-y^) = p"'^^"''2/7,+i (with 7^+1 := 71), where 777(71), 777(7/) are 
integers that are either all positive or all negative. Let Bq := {1/71, . . . , y-y;}. 

Let E' be a VF(/c)-submodule of Lie(G) that contains Lie(T), that satisfies the identity 
E[^] — Lie(G)[^], and that is maximal subject to the property that it has a VF(/c)-basis 
B which is the union of a Zp-basis of {x e Lie(T)|(/?(a;) = x} and of subsets Bq that are 
associated as above to some cycle Hq of 11. Let tt be the permutation of B which fixes 
BnLie(T) and which for 7 e $ takes the element oi q^DB into the element of 0n(7) ^B. 

4.3. Example 2. It is not difficult to check that there exists an element g e 
G(W{k)) which normalizes T and which has the property that gip takes Lie(C) into 
Lie(C). Accordingly, in this Subsection we assume that there exists a Borcl subgroup C 
of G which contains T and which has the property that ip{lAe{C)) C Lie(C). So if we 
have 0^ C Lie(C'), then 71(7) > 0. Thus we have Lie(C') C ®\^QF\Ue{G)) . Thus, not to 
introduce extra notations, we can assume that C = C; so <^(Lie(C)) C Lie(C). 

The last inclusion implies that 11 normalizes both and As we have 77,(7) ^ 
if 7 G and 77(7) < if 7 G for any cycle Hq = (71, . . . , 7;) of 11 we can choose the 
above elements y~^. G Q~^. to be generators of q~^. . Thus, due to the maximal property of 
i?, we have E = Lie(G) (i.e. for any 7 G $ the intersection iSflg^ is a ty(/e)-basis of 0-y). 
Thus T(Lic(G), v?) = 0, i.e. (Lic(G),(/7) = {E,(p) is a Dieudonne-Fontaine p-divisible 
object over k. We have n < Sp, cf. 3.1.5. Thus ti < 1 if p > 3 and < 2 if p = 2. 

4.3.1. Proposition. We recall that G is a reductive group scheme, that T is 
a maximal torus of G through which fi : G factors and whose Lie algebra is 

normalized by ^p, and that we have (/?(Lie(C)) C Lic(C) for some Borel subgroup scheme 
C of G that contains T. Then the i-number n of (M, (p, G) is at most 1. 
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Proof: We know that n < 1 if p > 3. Thus we can assume p = 2 (but as the 
below arguments work for all primes, we will keep the notation p instead of 2). Let 
$(0) := $ U {0}, n(0) := 0, and G'(O) := T. For 7 e $ let ^(7) be the unique 
subgroup scheme of G that is normalized by T and such that Lie(G(7)) = 0^, cf. [6, Vol. 
Ill, Exp. XXII, 1.1]. If x G g-y is such that x"^ 7^ 0, then the torus T acts on < > via 
the p-th power of the character 7. The reduction mod p of belongs to g-y mod p, cf. 
[1, Ch. II, 3.1, 3.5, Lemma 3 of 3.19]. From the last two sentences we get that x'^ = 0. 
This implies that for each 7 e $ we have a bijection exp^ : g^^G{'y){W{k)) which maps 

X E into exp^(x) = Xli^o IT emphasize that is not included in the domain of 
the exponential map of 2.6 defined for O = M). 

Let gi G G{W{k)) be congruent mod p to 1m- Let li G Lie(G') be such that gi is 
congruent mod p'^ to 1m + ph- We show that there exists g G G{W{k)) congruent mod 
p to 1m and such that ggiLpg~^(p~^ G G{W{k)) is congruent mod p'^ to 1m- 

We take (7 to be a product n7e<i>(o) 9i (taken in any order), where gj G G{'y){W{k)) 
is congruent mod pi+max{o -n(7)} ^ 1^. Let /? G Lie(T) be such that g^ G G{0){W{k)) 
is congruent mod to 1m + p/?- The element (pg^(p~^ — (Jog^aQ^ G G{0){B{k)) fl 
GLM(W^(fc)) = G'(0)(W^(A;)) is congruent mod to 1m + pao(/?). For 7 G $ let 
^7 G p^+^^^{^'~'^("/)} and ^ 07 be such that gj = exp^{x'l) is congruent mod 
^2+max{o -n(7)} to 1 m + p^+'^''''^^~''^'^'^Hj , cf. 2.6.1 and 2.6.2. Based on (21) we have 

<pgj^-' = expn(7)(p^+'"^-{°'"(^)>cTo(x7)) G G{U{^)){W{k)). 

So if n(7) > (resp. if 71(7) < 0), then from 2.6 (b) (resp. from the very definition of Ij) 
we get that (pgj(p~^ = expn(^)(p^+™*^'f°'"'(''')Vo(a:7)) is congruent mod p^ to 1m (resp. 
to 1m +pcro(^i))- Thus by replacing gi with the following product 

ggiipg-'v-'^{ H 3l)9i{ \{ vgl^-'r' eG{W{k)) 
7e*(o) 7e*(o) 

of elements congruent mod p to 1m, the role of l\ gets replaced by the one of 

7€*,n(7)>0 7€*(0),n(7)=0 7e*,n(7)<0 

By writing all elements defining li as linear combinations of elements of the W {k)-ha&is 
B oi E = Lie(G), as in the part of 3.1.1 that involves (+) and (-) we argue that we can 
choose the Z7's and so also the (77 's, such that we have li G pLie(G); here 7 G $(0). Thus 
ggi<fg~^<f~^ is congruent mod to 1m- So if n = 2, then the i-number of {M,ip,G) is 
at most 1 and this contradicts the definition of n. As n < 2, wc get n < 1. □ 

4.3.2. Proposition. We continue to work under the hypotheses of 4-3.1. Let 

Eq := {e G Lie{G)\ip{e) = e}. We have: 
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(a) The cocharacter jjL : Gm G is the unique Hodge cocharacter of (M, (p, G) that 
centralizes Eq. 

(b) The lift {F^{M))j^QS{a,b) the unique lift of (M, (p, G) such that for any e & Eq 
and every i e S{a,b) we have e{F^{M)) C F*(M). 

Proof: As (fi — cro/x(p~^), we have 77,(7) = if and only if C F°(Lie(G)). So as 11 
normalizes and $~ and as 77,(7) ^ (resp. 71(7) < 0) if 7 e (resp. if 7 e ^~), 
we easily get that Eq C F^(Lie(G)). Thus n centralizes Eq and for e E Eq we have 
e{F'{M)) C F'{M) for all i G S{a, 6); thus e{F\M)) C F^(M) for aU i e ^(a, b). 

Let /Ui be another Hodge cocharacter of (M, G) that centralizes -Eq. As (f{Lie{T)) = 
Lie(T), Lie(r) is M^(A;)-generated by elements of £'onLie(r). Thus ni centralizes Lie(T) 
and therefore it factors through T. So /j, and /ii commute. So to show that n = ni it 
is enough to show that fj,k = fJ-ik- As (f~'^{M) = {aofj,{p-^))-'^{M) = e-'=oP~*-^*(-^)> 
for i e S{a,b) we have {{p-'(p)-^{M)) nM = Et=o ^^*^'~*(^)- This identity implies 
that the filtration {F'{M)/pF''{M))i^^s{a,b) of M/pM is uniquely determined by (M, (/?). 
Thus both cocharacters j^k and j^ik act on F^{M)/F^+^{M) +pF^{M)^F'{M)/pF^{M) 
via the — i-th power of the identity character of Gm- So as Hk and ^ik commute, by 
decreasing induction on z e S{a,b) we get that F'^{M) /pF^{M) is the maximal A;-vector 
subspace of M/pM on which both //fc and /iik act via the — z-th power of the identity 
character of Gm- This implies /ik = fJ'ik- Thus 11 = jii- So (a) holds. 

Let {Fl{M))i^s{a,b) be another lift of {M,(p,G) such that for any e E Eq and i e 
S{a,b), we have e(F^*(M)) C Fl{M)- The inverse of the canonical split cocharacter 
of (M, (F^(M))j£5((j,6); v) fixes all elements of Eq (cf. the functorial aspects of [42, p. 
513]), factors through G (cf. 2.5), and thus it is fj, (cf. (a)). Thus for i e S{a, b) we have 
F^(M) = ®)^iF^{M) = F|(M). So (b) holds. □ 

li g E G{W{k)), then the Newton polygon of (M, g(f) is above the Newton polygon of 
(M, <^) (cf. [37, Thm. 4.2]). Thus Proposition 4.3.1 generalizes the well known fact that 
an ordinary p-divisible group D over Spec(fc) is uniquely determined up to isomorphism 
by D[p]- Proposition 4.3.2 generalizes the well known fact that the canonical lift of D is 
the unique lift of D to Spec(VF(/c)) with the property that any endomorphism of D lifts 
to it. The last two sentences motivate the next definition. 

4.3.3. Definition. We refer to {M,(fi,G) of 4.3.1 as an ordinary p- divisible object 
with a reductive group over k and to either (F*(M))j£5(„ b) or (M, (F*(M))j£5(„ f,), ip, G) 
as the canonical lift of (M, G)- 

4.4. Example 3. Let c G N. We assume that b^ — 1 and that there exists a direct 
sum decomposition M = ®f=iMj in VF(A;)-modules of rank 2 such that G = Y[i=i GLm^ 
and we have (^(Mj^]) = Mi+i[^] for i e S{l,c), where Mc+i := Mi- We have = 2c. 
AsbL = l and G^GL^, we have /_i e S{1, c). For z e S{1, c) we have (^(End(Mi)[i]) = 
End(Mi_|_i)[-]. Thus the permutation n of B has at most two cycles formed by elements 
of B\ Lie(T) (equivalently the permutation 11 of $ has at most two cycles) . If we have 
one such cycle, then its length is 2c. If we have two such cycles, then their length are c. 
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Let £ e {1, 2}. Let / = £c be such that we have a cycle (yi, . . . , y\) of tt formed by 
elements of B\Lie(T). For % e /) let Sj e NU {0} be such that Cj := p~^^yi generates 
0^, for some 7^ e Let (ni, . . . , n/) := (n(7i), . . . , 77,(7^)) e Z'; we have (fi{ei) = p'^^Cj+i 
(cf. (21)). As 6l = 1, for i G 5'(1,/) we have Ui G {—1,0,1}. The number n+ (rcsp. 
n_) of those i G S'(l,/) such that rii = 1 (resp. = —1), is at most Moreover 
n+ + ?i_ = < EC = I. Thus no := min{n+, n_} < fj-i- 

We have T(< ei, . . . , >,</?) < no and there exist numbers G 5(0, no) such that 
(< p"^ei, . . . ,7?'*'e/ >, <^) is a Dieudonne-Fontaine p-divisible object over A;, cf. (3) and the 
proof of (2). Based on the maximal property of E, we can assume < p"^ei, . . . , p°'e/ >C< 
yi, . . . ,yi > (i.e. Si < ai for all i G 5'(1, /)). If / = c, then the set {n_|_, n_} (and so also 
no) does not depend on the choice of the cycle {yi, . . . ,yi). Thus we can choose E such 
that p"'°Lie{G) C E. So any element of G{W{k)) congruent mod p'^o+i belongs 
to 1m + pE. As Lie(T) C E, E is a, W^(A;)-subalgebra of ni=i End(Mi) and so also of 
End(M). Thus (cf. 3.3.2 (b) applied with G = Gi and with mi G S{0, no)) we have 

n < no + 1 = min{n+, n_} + 1 < -f-i + 1 < c + 1. 

4.5. Example 4. Let (i G N \ {1, 2}. Let L> be a p-divisible group over Spec(/c) of 
height r = 2(i, dimension rf, and slopes ^ and Let (M, (^0) be the Dieudonne module 
of D; we have tm = r. It is easy to see that we have a short exact sequence 

of p-divisible groups over Spec(/c), where the slopes of Di and D2 are and ^ (respec- 
tively). This short exact sequence is different from the classical slope filtration of D (see 
[41, §3]) which is a short exact sequence ^ Di ^ D ^ D2 ^ 0. As Di and D2 are 
uniquely determined up to isomorphisms (see [5, Ch. IV, §8]), there exist a iy(/c)-basis 
{ei, . . . ,er} of M and elements xi, . . . ,Xd G< ei, . . . , > such that (po takes the r-tuple 
(ei, ...,er) into (62,^63, . . .,ped,pei, ed+2 + X2, ■ ■ ■ ,er + Xd,ped+i +pxi). Let 

Ml :=< ei, . . . , Cd > and M2 :=< e^+i, . . . , > . 

The pairs (Mi,(/?o) and (M/Mi,(/?o) are the Dieudonne modules of Di and D2 (re- 
spectively). Let be the cr-linear endomorphism of M that takes (ei,...,er) into 
(e2,pe3, . . . ,ped,pei, ed+2, ■ ■ .,er,ped+i). Let G := GLm- 

Let Pi and P2 be the maximal parabolic subgroup schemes of G that normalize 
Ml and M2 (respectively). Let Ui and t/2 be the unipotent radicals of Pi and P2 
(respectively). Let uq G Ui{W{k)) be the unique element such that Lpo = UQip. As 
T we take the maximal torus of G that normalizes < Cj > for all i G S{l,r). Let 
Li = GLmi Xspec(VK(fc)) GJLjvfa be the unique Levi subgroup scheme of either Pi or P2 
such that T ^ Li, cf. [6, Vol. Ill, Exp. XXVI, 1.12 (ii)]. We have natural identifications 
Lie(Li) = End(Mi) ©End(M2), Ue{Ui) = Hom(M2,Mi), and Ue{U2) = Hom(Mi,M2). 
The triples (M, (po, Pi) and (M, (po,Ui) are latticed P-isocrystals with a group over k. 
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As Ui is commutative we have (Lie(t/'i), = (Lie(t/'i), (/jq)- We easily get that 
Lie([/i) has a VF(/c)-basis {ep-*!! < i,j < d} such that (/?o(ep'') = p"^^ where 

each (i-tuple {ni \ \ • • • , is either (1, 1, ... , 1, 1, —1) or some d-tuple of the form 
(1,1,. ..,1,0,1,. ..,1,0). As S(l,l,...,l,-1) = 1 and S(l, 1, . . . , 1, 0, 1, . . . , 1, 0) = 0, 
from (2) apphed to all pairs (< e'p ^ . . . , e^p >, we get T(Lie(?7i), <^o) < 1- As Lie(t/i) 
is a VF(A;)-submodule of End(M) whose product with itself is the zero VF(fc)-submodule, 
the i-numbers of (M, (/?o, Ui) and (M, (/?, Ui) are at most 1 (cf. 3.3.3). A similar argument 
shows that both T(Lie(t/2), v) ^ind the i-number of (M, (/?, t/2) are at most 1. 

4.5.1. Proposition. The p- divisible group D is uniquely determined up to isomor- 
phism by D[p^] . 

Proof: Let t G N \ {1}. Let (/t G G be congruent mod p^ to 1m- We will show that 
if t > 3, then there exists g G G{W{k)) such that ggt^og~^^o^ G G{W{k)) is congruent 
mod p*'^^ to 1m- The product morphism U2 Xspec(iy(fe)) -^1 Xspec(w^(fe)) C^i ^ G is an 
open embedding around the identity section, cf. [6, Vol. Ill, Exp. XXII, 4.1.2]. Thus 
we can write gt = U2I1U1, where the elements Ui G UiiWik)), li G Li{W{k)), and 
U2 G U2(W{k)) are all congruent mod to 1m- As the z-number of (M, (/?o,t^i) is at 
most 1, to show the existence of g we can replace uq by any other element of Ui{W{k)) 
that is congruent mod p to uq. Thus we can assume u\ = 1m- 

For i G {1, 2} let Ei be the VF(A;)-span of the Zp-algebra of endomorphisms of (Mj, ip). 
Let £^ := Ei®E2- We have pLie(Li) C E (cf. 3.3.6 applied to both Di and 1^)2) and thus 
h G Li(VF(fc))jn (1m +p^~^E). There exists /~i G Li{W{k)) congruent mod to 1m 
and such that liliipl^^ = cf. 3.3.2 (a) applied with j = t — 1 to (M, Li) and i?. So, 
as Li normalizes both Ui and t/25 by replacing (7t(/?o with ligt^poli^ , U2 with /iW2^r^' ^'^'^ 
uq with the element /i/iUo^r^^T^ ^ t^i(W^(/^)) congruent mod to uq, we can assume 
li is congruent mod p*"*"^ to 1m- This implies that gt and U2 are congruent mod p^^^. 

As T(Lie(t/2)5 ¥') < 1; from 3.3.2 (a) applied in a way similar to the one of the 
previous paragraph we deduce the existence of U2 G U2{W{k)) congruent mod p^~^ to 
1m and such that U2U2(pu2^ = (p. As gt and U2 are congruent mod p^^^ , the element 

g't ■= U2gt¥>oU2^Vo^ = U29tU0(pU2^(p~'^UQ^ = U2gtUoU2^U2^Uo^ ^ G{W{k)) 

is congruent mod p*"*"^ to the commutator of U2U2 and uq- A simple matrix computation 
of this commutator shows that for t > 3 we can write g^ — U2l2u'i, where u[ G Ui{W{k)) 
and l[ G Li{W{k)) are congruent modp*~^ to 1m and where U2 G U2{W{k)) is congruent 
mod and so also mod p^'^^ to 1m (here is the only place where we need 2). 

Repeating twice the above part that allowed us to assume that ui and li are con- 
gruent mod to 1m 7 we get that for t > 3 we can assume g[ is congruent mod p^~^^ 
to U2 and thus also to 1m- This ends the argument for the existence of g. 

Thus for t > 3 we have t + 1 7^ n; so n < 3. So the Proposition follows from 3.2.3.0 

4.5.2. Notations for d = 3. Let d be 3. For a G W{k) let ipoi be the cr-linear 
endomorphism of M that takes (ei, . . . , cq) into {e2,pes,pei, 65, eQ + aei,pe4). The slopes 
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of (M, (/Pq,) are ^ and |. For G {1, 2, 3} x {4, 5, 6} let C/y be the unique subgroup 
scheme of Ui that is normahzed by T, that fixes ej> for j' e {4, 5, 6} \ {j}, and that takes 
Cj into Cj-I- < >. Let no, e UiQ{W{k)) be the unique element such that (fee = ''^a^'- 

4.5.3. Proposition. Suppose d = 3. Let a\, G W{]i) \ {0} he such that the 
Fp3 -vector subspace of k generated by ai mod p is different from the Fp3 -vector subspace 
of k generated by a2 mod p. Then (M, <^q;i) ond (M, (/Jaa) o-i^^ f^ot isomorphic. 

Proof: We show that the assumption that there exists gi G G{W{k)) which is an 
isomorphism between (M, </7qi) and (M, (/Jq,^) leads to a contradiction. As Lie(Pi)[^] is 

the maximal direct summand of End(M[^]) normalized by and such that all slopes 
of (Lie(Pi) [^], (/?a) are non-negative, the element gi G G{W{k)) normalizes Lie(Pi) and 
so also Pi. Thus gi G Pi{W{k)). We write gi = uih, where ui G Ui{W{k)) and 
h G Li(VF(/c)). Wehave uiliUaJi^h^ — na2^ui(f~^(fli. As uiliUaJi^ and na2^ui(f~^ 
belong to Ui(W{k)), the actions of li(p and (pli on both Mi and M/Mi are equal. So as li(p 
and (fill both normalize the direct supplement M2[|] of Mi[|] in M[^], we get li(fi = (fill, 

so we also have uihuaJi^ = na2^ui(fi~^ . As li(fi = (pli, a simple computation shows 
that li takes ei (resp. cq) into aici +6162 + cie3 (resp. ^0664+^6665 + 0665) , where ai, 61, 
ci G Vr(Fp3) (resp. a6, ^6 G W{¥p.) and C6 G G^(M^(Fp3))). As Ui = R ti n?=4 ^^^j, 
there exist unique elements Uij G Uij{W{k)) such that we have Ui = Y[^=i 11^=4 '^jj- 
call Uij as the component of ui in C/ij(VF(/c)). Both gi mod p and /i mod p normalize 
the kernel of (pa^s mod p, i.e. they normalize < 62,63,66 > mod p. So ui mod p also 
normalizes < 62, 63, eg > mod p. If {i,j) 7^ (1, 6), then Uij mod p normalizes < 62, 63, Cq > 
mod p. Thus ^16 mod p normalizes < 62,63,66 > mod p and therefore it is 1m/pM- As 
^735 fixes both < 62,63,66 > and M/ < 62,63,65 >, ifiiuss) mod p is Im/pM- Thus the 
component of na2'^ui(fi~^ in UiQ{W{k)) is congruent mod p to n^j- The component of 

is TT-Qg, where 0:3 := aiaic^ G W{k). So 0:3 mod p belongs to 
the Fp3-vector subspace of k generated by ai mod p. The component of uiliUaJi^ in 
UiQ{W{k)) is congruent mod p to nQ,^. As UiliUaJi^ = no.2^Uiip~^ , we get that tj-q.^ 
and nag are congruent mod p. So 02 mod p belongs to the FpS -vector subspace of k 
generated by cti mod p. This contradicts our hypothesis. Thus gi docs not exist. □ 

4.5.4. Remark. The set of isomorphism classes of p-divisible groups over Spec(/c) 
of height 6 and dimension 3 has the same cardinality as k, cf. 4.5.3, 1.3, and the classical 
Dieudonne theory. But the set of isomorphism classes of p-torsion subgroup schemes of 
such p-divisible groups over Spec(/c) is finite (see [26]; to be compared with [34, §1]). 
Based on this, 4.5.1, and 3.2.3, we get that the set of those elements a G G^(VF(/c)) 
for which the i-number of (M, (p^) is either 2 or 3, has the same cardinality as k. Let 
Am be the perfect alternating form on M defined by the rule: if 1 < ^ < i < 6, then 
AM(ei, Cj) G {0, 1} and we have AM(ei, Cj) = 1 if and only if (i,j) G {(1, 6), (3, 5), (2, 4)}. 
The form Am is a principal quasi-polarization of any (M, (fia.)- 

From 4.1.1 and 4.5.1 we easily get that T(6, 3) < 9. 
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5 Four direct applications 



In this Section we continue to assume that k = k. 

5.1. The homomorphism form of 1.2. Let (Mi,(/?i) and (M2, (/72) be two F- 

crystals over k. Let (M, (p) := (Mi, Lpi) © (M2, 1^2)- For i G {1, 2}, let /i^ be the /i-number 
of (Mj, (pi). Let /?.i2 := max{/ii, /12}, let mi2 := T(End(M), let f 12 := mi2 + /ii2, let 
£p e {1, 2} be as before 3.1, and let ni2 := mi2 + Sp. The /i-number of (M, 93) is /j.i2. 

5.1.1. Theorem. We endow (N U {0})^ with the lexicographic order. We have: 

(a) For all t G N U {0}, it/ie images defined via restrictions of the two groups 
Hom((Mi, (M2, v?2)) and Hom((Mi/j9^i2+i^i2+tji^^^ (M2/p''i2+«i2+t 'P2)) in 
the group}iom{{Mi/p''^^+*Mi,(fi), {M2/p''^^+*M2,(f2)), coincide. 

(b) We fix a quadruple (ri, r2, ci, C2) G (N U {0})^. There exists a smallest pair 

{v, n) := {v{ri, r2, ci, C2), n(ri, r2, ci, C2)) G (N U {0})^ 

the properties that n ^ S{0,v + Sp — max{ci, C2}) and that for any t G N U {0} and 
for every two F -crystals (Mi, <^i) and (M2, (^2) ower which satisfy (rMi, TM21 ^i) ^2) = 
('^i, T2, ci, C2), the images defined via restrictions of the two group sYiova{{Mi, ipi), (M2, p>2)) 
and Horn (( Ml Ml, v^i), (M2/p'"+^+*M2, (^2)) in the group Hom((Mi/p'^+*Mi, (/?i), 
(M2/p"'+*M2, y72)); coincide. The number v (and so also n) has upper hounds that depend 
only on ri, 7-2, and max{ci, C2}. 

(c) Let ri, r2 G N. There exists a smallest pair 

{v,n) := (^;(ri,r2),n(ri,r2)) G (Nu{0})2 

with the properties that n E S{Q,v + Sp — 1) and that for any t G N U {0} and for every 
two p-divisihle groups Di and D2 over Spec(/c) of heights ri and r2, a homomorphism 
Di\p'^'^^] — > D2\p'^'^^] lifts to a homomorphism Di — > D2 if and only if it lifts to a 
homomorphism _Di[p"+"+*] — > D2 [p"'''"'''*] • The number v (and so also n) has upper 
bounds that depend only on ri and r2. 

Proof: Let ei2 G lioui{{Mi/p''^^+''^^+^Mi, cp-i), {M2/p'^'^+'''^+*M2, (P2)). Let g G 
Aut(M/p'^i2+^'i2+t , (^) be such that it takes X2 G M2/p'^i2+«i2+t j^^^ into X2 and it 
takes xi G Mi/p''i2+«i2+t jvf^ j^to xi +612(0:1). Let g G Aut{M,ip) be such that 
it Hfts the reduction mod of g, cf. 3.2.8 (b). Let 612 : Mi ^ M2 be the 

VF(A;)-linear map such that we have g{xi) — ei2(xi) G Mi for all xi G Mi. We 
have ei2 G Hom((Mi, (/3i), (M2, (^2)) and moreover ei2 and 612 have the same image 
mRom{{Mi/p''^^+*Mi,(fi),{M2/p''^^+*M2,(f2))- This proves (a). 

We know that mi2 has an upper bound 612 G N which is effectively computable in 
terms of 2hi2 = 2max{ci, C2} and rj^ = {tm^ + fM2Y = (^1 + ^2)^ (cf. 2.4.1 and end of 
2.2.1 (e)) and that we have v < mi2 + hi2 (cf. (a)). From this (b) follows. 
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To prove (c), for i G {1,2} we take {Mi,(pi) to be the Dieudonne module of -Dj. 
We have hi2 e {0, 1}. If hi2 = 0, then hi = h2 = and so both Di and D2 are etale 
p-divisible groups; in such a case any homomorphism Z)i[p'^+*] — > b"^*] ^i^^ ^ 
homomorphism Di D2- Thus we can assume that hi2 = 1. Based on 3.2.3, the proofs 
of (a) and (b) can be adapted to the context of p-divisible groups; thus (c) foUows from 
the particular case of (b) when max{ci, C2} is hi2 = 1. □ 

5.1.2. Remark. If Vi,ni G N are such that Vi > v and rii > n, then the homo- 
morphisms parts of 5.1.1 (b) and (c) continue to hold if we replace (f,n) with (fi,ni). 

5.2. Transcendental degrees of definition. For simplicity, in this Subsection 
we work in a context without principal bilinear quasi-polarizations (but we emphasize 
that all of 5.2 can be adapted to the context of 2.2.1 (c)). Let (M, G, (ta)aeJ') be a 
latticed F-isocrystal with a group and an emphasized family of tensors over k such that 
the 11^-condition holds for (M, (p, G). Let iF'iM)),^s{a,b) be a lift of (M, ip, G). 

Let iJ, := /Xcan ■ Gm — > G be the inverse of the canonical split cocharacter of 
{M,{F^{M))i^S{a,b),v) (see 2.5). Let {Mz^,Gz^) be the Zp structure of (M, G) that 
is defined as in 2.5 by the a-lincar automorphism ctq := fl^{p) '■ M^M; thus o"o fixes 
and normalizes G{W{k)) and moreover we have ta G T(Mzp) for all a. ^ J . Let 
n G N U {0} be the i-number of (M, G). 

5.2.1. Fact. Let k\ be the smallest subfield of k with the property that HWr,{k) is 
the pull back of a cocharacter |J.lw,^{kl) '■ Gm — ^ Gzp Xspec(Zp) Spec(VFn(^i)) • Then the 
field ki is finitely generated and its transcendental degree t{ki) is at most nrj^. Thus if 
t{ki) = 0, then ki is a finite field. 

Proof: Let i3 be a VF(A;)-basis of M such that n normalizes the VF(/c)-spans of 
elements of B. Let Bi be a Zp-basis of Mz^; we also view it as a W{k)-hasis of M. Let 
B G Mr^xrAii^ik)) be the change of coordinates matrix that changes Bi -coordinates 
into jB-coordinates. Let i?i be the Fp-subalgebra of k generated by the coordinates of the 
Witt vectors of length n with coefficients in k that are entries of B mod p". Obviously 
ki is a subfield of the field of fractions of Ri. As Ri is generated by nrj^ elements, ki is 
finitely generated and we have dim(Spec(i?i)) < nrj^^. Thus t{ki) < nr\j. □ 

Until 5.3 we take G to be smooth over Spec(VF(/c)). Thus for any / G N there exists a 
cocharacter Hi^n+i of Gz^ Xspec(Zp) Spec(VF'„+/(A;f''''^)) that Hfts the pull back //^^^^^perf^ 

to '^\)ec{Wn{k\^^^)) of cf. [6, Vol. II, Exp. IX, 3.6]. We can assume that 

lii^n+i+i lifts iJ,i,n+h cf. loc. cit. From [6, Vol. II, Exp. IX, 7.1] we get that there exists 
a unique cocharacter fii : — > Gzp Xspec(Zp) 

Spec{W{kl'''^)) that lifts aU ni,n+i's. 

The cocharacter iJ,iw{k) '■ Gm — > G is of the form QnlJ-gn^ for some Qn G G(W{k)) 
congruent mod p"^ to 1m, cf. [6, Vol. II, Exp. IX, 3.6] and the fact that we have 
G{W{k)) = proj.lim.zeNG'(M^n+K^))- Let gn := gn^crogn(7o^ e G{W{k)); it is con- 
gruent mod to 1m- The element g~^ G G{W{k)) defines an isomorphism between 
(M, aoiJ,iw(k){^), G, {ta)aej) and {M.gn^p, G, ita)aej)- Moreover (M, G, {ta)aej) 
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and (M, Qn'Pi G, {ta)aej) ctre isomorphic under an isomorphism defined by an element of 
G{W{k)), cf. the very definition of n. We conclude that: 

(*) the quadruple (M, G, {ta)c,ej) isomorphic to (M, cfQ^iw{k){^), G, {ta)aej); 
thus (M, (/?, G, (ta)ae J") ^■^ definable over k\'^^^ and moreover its isomorphism class is 
uniquely determined by the triple (Mzp, {ta)aeJ: l^iWn{ki))- 

This motivates the following definitions. 

5.2.2. Definitions, (a) We say ki (resp. t{ki)) is the field (resp. the transcen- 
dental degree) of definition of (M, G) or of (M, G, (ta)ae j-) with respect to the lift 
{F'^{M))i^S{a,b) of (M, G). By the transcendental degree of definition td & N Li {0} of 
(M, G) or of (M, 99, G, (ta)aEj") we mean the smallest number we get by considering 
transcendental degrees of definition of (M, G) with respect to (arbitrary) lifts of it. 

(b) If td = 0, then by the field of definition of (M, 99, G) or of (M, 99, G, (ta)aGj") 
we mean the finite field that has the smallest number of elements and that is the field of 
definition of (M, ip, G) with respect to some lift of it. 

litd — Q we do not stop to study when the field of definition of (M, G) is contained 
in all fields of definition of (M, 99, G) with respect to (arbitrary) lifts of (M, G). 

5.2.3. Theorem (Atlas Principle). We recall that k — k, that G is smooth 
over Spec{W (k)) , and that the W -condition holds for (M, </?, G). Let g G N. Let T{q) e 
N U {0, 00} be the number of isomorphism classes of latticed F -isocrystals with a group 
and an emphasized family of tensors over k that have the form (M, gip^ G, {ta)aej) f'^'^ 
some g G G{W{k)), that have transcendental degrees of definition 0, and that have ¥pq 
as their fields of definition. Then we have 1{q) G N U {0}. 

Proof: We check that the number A^tor G N U {00} of isomorphism classes of pairs of 
the form (Mz^, (ta)aeJ') that are obtained by replacing ip with some g(p and by consider- 
ing some lift of (M, g(f, G), is finite. The "difference" between two such pairs is measured 
by a torsor of Gzp in the fiat topology of Spcc(Zp). So is smooth over Spec(Zp). 
Thus is a trivial torsor if and only if 0f is a trivial torsor. As the set H^{Fp, Gp ) is 
finite (cf. [38, Ch. Ill, §4, 4.2 and 4.3]), the number of isomorphism classes of torsors of 
Gpp is finite. From the last two sentences we get that Ator ^ N. 

Let m G N. We check that the number A(/x, m, Gz^) G N U {0, 00} of cochar- 
acters of Gz^ Xspec(Zp) ^PGciWmiFpa)) that over Spec(W^(A;)) are G(W^ (A;) )-conjugate 
to HWm{k)j is also finite. Based on the infinitesimal liftings of [6, Vol. II, Exp. IX, 3.6] 
and on the fact that the group Gzp{Wm{Fpq)) is finite, it is enough to prove that the 
number A(//, 1, g, Gz^) is finite. It suffices to prove that A(//, 1, g, GLMzp) ^ N. The 
number of maximal split tori of GLiMzp^ZpFpq is finite and each such torus has precisely 
{b — a+lY'^ cocharacters that act on Mz^ ®Zp via those — z-th powers of the identity 
character of that satisfy i E S{a, b). Thus A(//, 1, g, GLmz^) ^ N. 

Let nfam be as in 3.1.5; we have nfam > n. Based on 5.2 (*), we get that X(g) is 
bounded from above by a sum of Ator numbers of the form A(|U, nfam, Gz^) and in 
particular that X(g) < Ator A(//, nfam, g, GLm^J- Thus X(g) G N U {0}. □ 
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5.3. Groupoids and stratifications. Main Theorem A has many reformulations 
in terms of (stacks of) groupoids. Not to increase the length of the paper, we postpone to 
future work the introduction of Shimura (stacks of) groupoids that parametrize isomor- 
phism classes of Shimura p-divisible objects we defined in the beginning of §4. Presently, 
this Shimura context is the most general context to which we can extend the classical de- 
formation theories of p-divisible groups (see [30, Ch. 4 and 5], [21, Ch. 3 and 4], [11, 7.1], 
[8, Main Thm. of Introd.], [9, Main Thm. 1], and [12, §7]). Here, as an anticipation of 
the numerous possibilities ofi^ered by 1.2, we work only with (principally quasi-polarized) 
p-divisible groups. However, we point out that based on 3.2.2, by using [40, 5.4] as a 
substitute for the deformation theory of [21, 4.8], the below proof of 5.3.1 can be adapted 
to contexts that involve arbitrary Shimura varieties of Hodge type and thus involve (prin- 
cipally quasi-polarized) Dieudonne modules equipped with smooth groups as in 3.2 (like 
the context of [40, §5]). 

Let be a reduced Spec(Fp)-scheme. Let D be a p-divisible group over S of height r 
and relative dimension d. For i G {1, 2} let Vi be the pull back of V to 5*12 := S Xgp^^(^p^-jS 
via the z-th projection pi : 5*12 — * S. For / G N, let Ii be the affine 5'i2-scheme that 
parametrizes isomorphisms between I^i[p^] and V2[p'']; it is of finite presentation. The 
morphism ii : Ii ^ S\2 of -S-schemes is a Spec(Fp)-groupoid that acts on S in the sense 
of [6, Vol. I, Exp. V] and [31, Appendix A]. 

5.3.1. Basic Theorem, (a) There exists a number I G N effectively hounded from 

above only in terms of r and such that for any algebraically closed field K of characteristic 
p, the pulls back of V through two K -valued points yi and y2 of S are isomorphic if and 
only if the K -valued point of S 12 defined by the pair (^1,^2) factors through ii : Ii ^ S12. 

(b) Suppose S is smooth over Spec(Fp) of dimension d{r — d) and V is a versal 
deformation at each maximal point of S. Then there exists a stratification S(V) of S in 
reduced, locally closed subschemes such that two points yi and y 2 as in (a) factor through 
the same stratum if and only if y\{T>) is isomorphic to y2{T>). The strata of S{T>) are 
regular and equidimensional. 

(c) The stratification SiV) of (b) satisfies the purity property. 

(d) Let q and let K be as in (a). Then for any stratum Sq of the stratification 
S{T>) of (b) that is a subscheme of Sk, there exists a regular scheme S'o[g] that is finite, 
fiat over So and such that the pull back ofV[p'^] to So[q] is constant, i.e. is the pull back 
to So[q] of a truncated Barsotti-Tate group of level q over Spec(i^). 

Proof: Part (a) follows from 1.3: as I we can take any integer greater that T{r,d). 
For the rest of the proof we will assume that S is smooth over Spec(Fp) of dimension 
d{r — d) and that D is a versal deformation at each maximal point of S. We first construct 
the strata of S{V) that are subschemes of Sk- Let yi G S{K) = Sk{K). Let 

^(?/i)'°^ := ip2 o ii)K{{pi o il)-K\yi)) C S'°^. 

As Ii is a Spec (Fp) -scheme of finite type, S{yiY°^ is a constructible subset of 5"^^ (cf. 
[18, Ch. IV, (1.8.4) and (1.8.5)]). Let S{yi) be the Zariski closure of 5(|/i)*°p in Sk\ it 
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is a reduced, closed subscheme of Sk- We identify a maximal point of 5(2/1)*°^ with a 
valued point of Sk- We say S{yiY°^ is regular at a maximal point of it, if there exists 
a regular, open subscheme of S{yi) which contains this point and whose topological space 
is contained in S'(yi)*°P. As is a dense, constructible subset of there 

exists a regular, open, dense subscheme VF(yi) of S{yi) such that C S{yiY°^ . 

A point 2/3 e S{K) = Sk{K) belongs to 5(2/i)*°p if and only if yl{V) and y^iV) 
are isomorphic. Let now 2/2 G 'S'(i^) = Sk{K) be a maximal point of S{yiY'^^. Let 
«i2 : yll^) ^ yr(^) be an isomorphism, cf. (a). We have -5(?/2)^°p = <5(?/i)*°p. For 
i e {1,2} let /j^. be the spectrum of the completion of the local ring of Sk at yi. We 
denote also by yi the factorization of yi through 7^.. Let J^. xg^ 5'(yi)*°P be the pull 
back of to a constructible subset of ly"^- Due to the vcrsal property of V and 

the fact that S is smooth over Spec(Fp) of dimension d{r — d), the local schemes /^^ and 
ly^ have dimension d{r — d) and moreover there exists a unique isomorphism 

such that the following two things hold (cf. [21, 4.8]; see [9, 2.4.4] for the equivalence of 
the categories of p-di visible groups over /j and over the formal completion of along j/j): 

(i) we have /12 o yi = ?/2 : Spec(K) ly^; 

(ii) there exists an isomorphism Il2{T^iy^)-^T^iy^ that lifts ii2- 

Due to (ii) the local geometries of 5(2/1)*°^ at yi and 2/2 are the same. In other words, 
/12 induces via restriction an isomorphism J^t^ : ly^ Xg^ S{y\Y°'^^Iy^ Xs^ S(yiY°^ 
between constructible subsets. Any commutative Fp-algebra of finite type is excellent, 
cf. [29, (34. A) and (34. B)]. So the morphism ly- Sk is regular. From the last two 
sentences we get (cf. [29, (33)] for the regular part of (iv)) that: 

(iii) the dimensions of S{yiY°^ at yi and 2/2 are the same; 

(iv) if S{yiy°^ is regular at 2/2, then <S'(j/i)*°p is also regular at 2/1- 

By taking 2/2 to be a maximal point of W{yiy°^ and 2/1 to be an arbitrary maximal 
point of 5'(2/i)*°P, from (iii) we get that S'(2/i)*°p is equidimensional and from (iv) we 
get that 5'(j/i)*°P is regular at all its maximal points. So S{yi) is also equidimensional. 
As S'(2/i)*°P is a constructible subset of 5(2/1)*°^, from the last two sentences we get 
that 5(2/1 )*°P is the underlying topological space of an equidimensional, regular, open 
subscheme S{yi) of S{yi). Thus S{yi) is a reduced, locally closed subscheme of Sk- Let 

J12 ■■ ly^ xsk S{yi)^Iy^ xs^ 5(2/1) 

be the isomorphism of reduced schemes defined by /12 (or J^2^). 

Let Sk{T^) be the set of reduced, locally closed subschemes of Sk that are of the 
form 5(2/1) for some 2/1 G S{K) = Sk{K). Standard Galois descent shows that there 
exists a set Sp^ {V) of reduced, locally closed subschemes of S whose pulls back to 5p- 
are the elements of Sp-{V). If L is an algebraically closed field that contains K and if 
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Pi is the L-valued point of S defined by yi, then by very definitions S{yi) — S{yi)L- So 
we have natural pull back injective maps Sk{T^) ^ Sl{T^) and SYp{T>) ^ Sl{T>). So 
SppiV) and <Sk(^^)'s define a stratification 3(1)) of S in the sense of 2.1.1. So as each 
S{yi) is a regular and equidimensional Spec(ii')-scheme, (b) holds. 

Let t), n G N be as in 5.1.1 (c) for ri = r2 := r. Let n := m.ax{q,l,n}. For 
m G {n, h + v} let Im{yi) be the S{yi) -scheme that parametrizes isomorphisms between 
1^S{yi) P^^^ back of yl{V) through the natural morphism S{yi) Spec(i^). We 

consider the natural truncation morphism T^^^^ : — In(yi) of S'(yi) -schemes. 

Let lfi,v{yi) be the minimal reduced, closed subscheme of In(yi)red through which 
the reduced morphism defined by Tn,v factors. As n > Z, from (a) we get that ln,v{yi) is 
in fact an S'(j/i)-scheme. The resulting morphism 

rrin^viyi) ■■ in,v{yi) S{yi) 

is surjective, cf. the definition of S{yi). To prove (c) and (d), it suffices to show that 
S{yi) is an affine 5'(yi)-scheme and that is a regular scheme that is finite, fiat 

over S{yi). It suffices to check this under the extra assumption that S is affine. So the 
schemes Sk, S{yi), In(yi), and ln,v{yi) are also affine. 

We check that the surjective morphism mn,v{yi) '■ in,v{yi) S{yi) is quasi-finite 
above any point j/gen of S{yi) of codimension 0. Let Fgen and /gen be the fibres over 
I/gen of ln^y{yi) and (respectively). We show that the assumption that Fggn is 

not of dimension leads to a contradiction. This assumption implies that the image 
of /gen in /gen Contains an open, dense subscheme of Fgen of positive dimension. We 
get the existence of an algebraically closed field L that contains the residue field of ygen 
and such that the number of automorphisms of y^ {T>) l \p'^] that lift to automorphisms of 
yi{T>) lIp^^^] is infinite. From this and 5.1.1 (c) we get that the image of PiX\.i{y1{T>) l) = 
k\xi{yl{V)) in kMt{yl{V) l[p^]) is infinite. But Aut(y|(P)) is a Zp-algebra of finite rank 
and so this image is finite. Contradiction. 

So Fgen has dimension 0. Thus there exists an open, dense subscheme U{yi) of S{yi) 
such that the reduced Spec(i^)-scheme of finite type lii,v{yi) ^s{yi) U{yi) is regular as 
well as (cf. [18, Ch. IV, (9.6.1) and (11.1.1)] and the surjectivity of mn,v) finite, flat over 
U{y\). From (ii) and constructions we get the existence of an isomorphism of ySx-schemes 

Ki2 : ly^ in,v{yi)^Iy2 >^Sk in,v{yi) 

such that we have (1/^^ Xg^ rUn {y i)) o K 12 = J12 Xs{yi) rrin^viyi)- In particular, we get: 

(v) the morphism mn,v(j/i) is finite and flat above an open subscheme of S{yi) that 
contains yi if and only if it is so above an open subscheme of S{yi) that contains y2- 

As in the above part that pertains to local geometries, the existence of such isomor- 
phisms K12 of /S^-schemes implies that Ifi^y{yi) is regular and equidimensional. From 
(v) and the existence of U{yi) we get that In,„(yi) is a finite, fiat 5'(yi)-scheme. From 
this and the fact that ln,v{yi) is a regular subscheme of In(|/i), we get that (d) holds for 
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h (and so also for q < h) and that ln,v{yi) is the normaUzation of S{yi) in the ring of 
fractions of In^y{yi). As ln^y{yi) is affine and mfi^y{yi) is a finite, surjective morphism, 
from Chevalley theorem of [16, Ch. II, (6.7.1)] we get that S{yi) is affine. So (c) holds. □ 

5.3.2. Ultimate stratifications. Let N >3 and Ad,i,N be as in 1.5. Let (.4, A^) 
be the universal principally polarized abelian scheme over Ad,i,N- We have: 

(a) There exists a stratification Sd,N of Ad,i,N defined by the following property: 
two geometric points yi andy2 of Ad,i,N with values in the same algebraically closed field 
K, factor through the same stratum of Sd,N if and only if the principally quasi-polarized 
p-divisihle groups of yl{A, X_a} and y|(^, A_4) , are isomorphic. 

(b) The stratification Sd,N of Ad,i,N satisfies the purity property and its strata are 
regular and equidimensional. 

(c) Let g e N. Let K be as in (i). Then for any stratum Sq of the stratification 
Sd,N that is a subscheme of Ad,i,N there exists a regular scheme So[q] that is finite, flat 
over So and such that the pull back to Sq [q] of the principally quasi-polarized truncated 
Barsotti-Tate group of level q of {A, XjC) is constant, i.e. it is the pull back to 5*0 [q] of a 
principally quasi-polarized truncated Barsotti-Tate group of level q over Spec(i^). 

The proofs of (a) to (c) are the same as of 5.3.1 (b) to (d), of. 3.2.5. We only 
have to add that the use of [21, 4.8] in the proof of 5.3.1 (b) has to be substituted by 
the well known fact that the formal deformation spaces of a principally polarized abelian 
variety over Spec(i^) and of its principally quasi-polarized p-di visible group, are naturally 
identified (cf. Serre-Tate deformation theory of [23, Ch. 1]). 

F 

Let Schj,g^ be the category of reduced Spec(Fp)-schemes endowed with the etale to- 

F 

pology. Let Ad^i be the moduli stack over Sch^.^^ of principally polarized abelian schemes 
of relative dimension d (see [13, Ch. I, §4, p. 17 and 4.3]). The stratification Sd,N 
descends to a stratification Sd of Ad,i- As we did not formalize stratifications of stacks, 
we describe Sd directly as follows. 

We fix a principally quasi-polarized p-di visible group T := {D, Xd) over Spec(/c) of 
height r = 2d. The objects of Ad,i are principally polarized abelian schemes over reduced 
Spec(Fp)-schemes. The substack Ad,i{T) of Ad,i associated to T is the full subcategory 
of Ad,i whose objects are principally polarized abelian schemes over reduced Spec(Fp)- 
schemes with the property that all principally quasi-polarized p-divisible groups obtained 
from them via pulls back through points with values in the same algebraically closed field 
K that contains k, are isomorphic to T Xspec(fc) Spec(K). 

We refer to Sd (resp. to Sd,N) as the ultimate stratification of Ad,i (resp. of .4^,1, iv)- 
Let Ad,i{'^)k ■■= Ad,ii'^) x^^y^^P Scared and Ad,!^ := Ad,i Xgch''^ Sch^^^, where Sch^^j 

red red 

F 

is the full subcategory of Sch^.^^ formed by reduced Spec (/c) -schemes. The pull back of 
Ad,iiT)k via the 1-morphism Ad,i,Nk — Ad,if; is the stratum of Sd,N that is a subscheme 
of Ad,i,Nk a-nd that corresponds naturally to T. Using this it can be easily checked that 
Ad,i{'T^)k is a separated, algebraic stack over Schf^^j in the similar sense as of [13, Ch. I, 
§4, 4.6 and 4.8] but worked out using only reduced Spec(A;)-schemes. 
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The following Proposition, to which we refer as the integral Manin problem for Siegel 
modular varieties (sec [28, p. 76] and [39, p. 98] for the original Manin problem), implies 
that Ad,i{'T) is a non-empty category. 

5.3.3. Proposition. Let Spec(C) be a local, complete scheme whose residue field is 
k = k. Then any principally quasi-polarized p- divisible group 7^ over Spec(C) that lifts 
T, is the one of a principally polarized abelian scheme over Spec(C). 

Proof: Wc first show that T is associated to a principally polarized abelian variety 
(A, \a) over Spec(/c). Let (M, Am) be the principally quasi-polarized Dieudonne mod- 
ule of T. Let A be an abelian variety A over Spec(/c) whose F-isocrystal is (M[i],(/9), 

cf. [39, p. 98]. Based on [32, §23, Cor. 1], up to an isogeny, we can choose A such that 
it has a principal polarization A^. The principally quasi-polarized Dieudonne module of 
{A, A^) is of the form (M, ^p, A^), where M is a certain l^(fc)-lattice of M[^]. 

5.3.3.1. Lemma. // Ai and A2 are two principal quasi-polarizations 0/ (M[^], (/p), 
then the triples (M[i], Ai) and (M[^], A2) are isomorphic. 

Proof: It suffices to prove the Lemma under the assumption that there exists a e 
[0, |] n Q such that all slopes of (M[i], (p) are a and 1 — a, cf. Dieudonne's classification 
of F-isocrystals over k (see [28, §2]) and [39, p. 98]. Let i e {1,2}. 

We first consider the case when \\so a^l — a. Let M [i] = Mq, ® Mi_q, be the 
direct sum decomposition that is normalized by </? and such that for j3 e {a, 1 — a} all 
slopes of {Mp, Lp) are j3. We have \i{M[i, Mp) = and the bilinear form Xi^p : M/^ ®B{k) 
Mi_^ — s> B{k) induced naturally by A^, is non-degenerate. But A^^i-q, is determined by 
Aj^Q,. Thus Aj is uniquely determined by the isomorphism jj : (M^, (/?)-^(M^_q,,p1m*_^</') 
defined naturally by A^^q, via the rule ji{x){y) = Xi{x, y) = Xi,a{x, y), where x e Mq, and 
y e Mi_a- Let /12 := j^^j2 ■ {Ma, (p)^{Ma, (f). The automorphism ei2 := /12 ® 1mi_„ 
of (M[i],(/7) = {Ma,(p) © (Mi_Q.,(/;) takes A2 into Ai, i.e. for x,y E M[^] we have an 
identity X2{x,y) = Ai(ei2(a;), ei2(y)). 

Let now a be ^. As a = |, the F-isocrystal (M[^],(/?) over /c is a direct sum of 
simple F-isocrystals over k of rank 2. Using the standard argument that shows that any 
two non-degenerate, symmetric, bilinear forms on an even dimensional complex vector 
space are isomorphic, we get that both (M[^], Ai) and (M[^], cp, A2) are direct sums of 
principally quasi-polarized -F-isocrystals over k of rank 2. Thus we can assume = 2 
(i.e. d = 1). But in this case the Lemma is trivial (for instance, cf. [27, pp. 35-36]). □ 

Based on the Lemma, it suffices to prove the Proposition under the extra hypothesis 
that Am = ^m- From the classical Dieudonne theory we get directly the next property. 

5.3.3.2. The isogeny property. There exists a unique principally polarized abelian 
variety {A, Xa) over Spec(A;) that is Z[^]-isogenous to {A, X^) and whose principally 
quasi-polarized Dieudonne module is identifiable under this Z[^]-isogeny with (M, Am)- 

So T is the principally quasi-polarized p-divisible group of (A, Xa)- From Serre-Tate 
deformation theory (see [23, Ch. 1]) and Grothendieck algebraization theorem (see [17, 
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Ch. Ill, Thm. (5.4.5)]), we easily get the existence of a principally polarized abelian 
scheme over Spec(C) whose principally quasi-polarized p-divisible group is 7^. □ 

5.3.4. Remarks, (a) If d >2, then the stratification Sd,N has a class which is not 
a set (for d>3 this follows from 4.5.4). 

(b) Let g e N. Let Sd,N,q be the stratification of Ad,i,N defined by the rule: two 
geometric points yi and y2 of Ad,i,N with values in the same algebraically closed field, 
factor through the same stratum of Sd,N,q if and only if the principally quasi-polarized 
truncated Barsotti-Tate groups of level q of yl{A, X_a) and 2/2 (-^'-^-4)' isomorphic. 
The strata of Sd,N,q are regular and equidimensional (one argues this in a way similar to 
the proof of 5.3.1; instead of [21, 4.8] one has to use a principal quasi-polarized version 
of [21, 4.7 and 4.8] and Serre-Tate deformation theory). For q > T{d) we have Sd,N,q = 
Sd,Nj cf. 3.2.5. The case q = 1 was first studied by Ekedahl and Oort, cf. [34, §1]. 
The strata of Sd,N,i are quasi-affine, cf. [34, 1.2]. As each stratum of Sd,N,q is a locally 
closed subscheme of a stratum of Sd,N,i, the strata of Sd,N,q are also quasi-affine. For 
1 < q < T{d), we do not know when the stratification Sd,N,q satisfies the purity property. 

(c) The existence of the ultimate stratifications Sd and Sd,N-, though of foundation, is 
only a first step toward the solution of the below Main Problem. Due to the importance 
of Main Problem, we will state a general form of it, even if in this paper we do not 
formalize specializations of latticed -F-isocrystals with a group (such specializations are 
standard for p-divisible groups; see also 3.2.7). To be short, we state Main Problem only 
in a context that involves tensors but no principal bilinear quasi-polarizations. 

Main Problem. Let (M, (p, G, {ta)aej) ^ latticed F -isocrystal with a group and 
an emphasized family of tensors overk such that the W -condition holds for (M, G) (see 
2.2.1 (b) and (d)). List using families all isomorphism classes of {M,g(f,G, (tajaej) 's 
(where g e G{W{k))) and decide which such classes specialize to which other. 

5.4. On the specialization theorem. Let S be an integral Spec(Fp)-scheme. We 
take k to be an algebraic closure of the field of fractions ks of S. Let € be an F-crystal 
over S. Let h(f^ e NU {0} be as in 2.1; the /i- number of any pull back of € via a geometric 
point of S is at most h(r. Let jV be the Newton polygon of Ck- Let 

C/^op := {x e ^*°P|a;*((2:) has Newton polygon X}. 

We recall that Grothendieck proved that for any geometric point y of S the Newton 
polygon of y*{C) is above Af (see [19, Appendice]) and that Katz added that moreover 
there exists an open subscheme U of S such that the notations match, i.e. U^°p is the 
topological space underlying U (see [22, 2.3.1 and 2.3.2]). 

We give another proof of the existence of U using Grothendieck 's result. This result 
implies that if a; e U^°p, then all points of the spectrum of the local ring of a; in S' belong to 
^top show the existence of U, it is enough to show that there exists a non-empty open 
subscheme U' of S such that t/'*°P C t/*°P. The argument for this goes as follows. The 
existence of such open subschemes U' implies that U^°p is an ind-constructible subset 
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of ^*°P, cf. [18, Ch. IV, (9.2.1) and (9.2.3)]. Based on this and the above part that 
pertains to a; e t/*°P, from [18, Ch. IV, Thm. (1.10.1)] we get that each point of U^°p is 
an interior point of ?7*°p. Thus U^°^ is an open subset of S^°^ and therefore U exists. 

Let (Eq be a Dieudonne-Fontaine p-divisible object over Fp of Newton polygon J\f. 
Let ho be the /i- number of €o and let tq be the rank of €o- Let i : €ok be an isogeny. 

Let / G N be such that annihilates Coker(z). Let v := max{z;(ro, tq, ho, b)\b G S'(0, h(r)} 
and n := max{l, ?i(ro, ro, ho, b)\b G 5'(0, /ic)} be defined using the numbers of 5.1.1 (b). 

Let i{n + v + l) be the reduction of i mod it is a morphism of A4{Wn+v+i{k)) 

whose cokernel is annihilated by p^. From 2.8.3 (see 2.8.3 (a) applied with {Vi,V,q) = 
{k,ks,n + V + /)), we get that there exists a finite field extension kg of ks such that 
i{n + V + I) is the pull back of a morphism z(n + v + l)kg of M.{Wn+v+i{kg)) whose 
cokernel is annihilated by pK Let S be the normalization of S in kg (the notations 
match, i.e. kg is the field of fractions of S). The continuous map 5**°^ S^"^ is proper, 
cf. the going-up theorem of [29, (5.E)]. So if there exists an open, dense subscheme 
tj' of S with the property that U'^°p maps into U^°^, then we can take U' to be the 
complement in 5' of the image of 8^°"^ \ U'^°p in 5'*°^. Thus it suffices to consider the case 
when kg = ks- Let U' be an open subscheme of S such that we have a morphism 

lu' (n + v + l): E(Co; Wn+v+i{U')) ^ E{C; Wn+v+i{U')) 

of A4{Wn+v+i{U')) that extends i{n + v + and that has a cokernel annihilated by 
p^, cf. 2.8.3 (b). For an arbitrary geometric point z : Spec(i^) U', the reduction mod 
pu+i q£ p^ii back morphism z*{iu'{n + v + I)) lifts to a morphism : Cqk ^*(^) 
of F-crystals over K (cf. 5.1.1 (b), 5.1.2, and the definitions of v and n). As the cokernel 
of the reduction mod p""""' of ig is annihilated by p' and as n > 1, (by reasons of ranks) 
the morphism is injective and thus an isogeny. Thus z*{€) has Newton polygon J\f. So 
^'top Q ^top_ 'pj^is ends the argument for the existence of U' and so also of U. 

§6 Proof of Main Theorem B 

Let S he a reduced Spec(Fp)-scheme. Let £ be an F-crystal over S. Let S{€) 
be the Newton polygon stratification of S defined by €, cf. [22, 2.3.1 and 2.3.2]. The 
stratification S{(t) is of finite type and locally in the Zariski topology of S has a finite 
number of strata. The main goal of this Section is to prove Main Theorem B stated in 
1.6, i.e. to prove that S{€.) satisfies the purity property (see 6.2). In 6.1 we capture the 
very essence of Main Theorem B for the case when S is an integral, locally noetherian 
scheme. In 6.3 we include two remarks on the connection between 6.1 and a result of 
de Jong and Oort and on Newton polygon stratifications defined by certain reductions 
modulo powers of p of F-crystals. We will use the notations of 2.8.2. 

6.1. Theorem. Suppose S is integral and locally noetherian. Let U be the maximal 
open subscheme of S with the property that the Newton polygons of pulls back ofC through 
geometric points ofU are all equal (see 5.4)- Then U is an affine S-scheme. 
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Proof: It suffices to prove this under the extra assumptions that S — Spec(-R) is 
affine and that the underlying i?-module of E{€;Wi{S)) is free. Let Ru be the R- 
algebra of global functions of U. We have to show that U is affine, i.e. the natural and 
functorial morphism fu U ^ Spec{Ru) is an isomorphism. This statement is local 
in the faithfully flat topology of S and thus we can assume that S is local. Let R be 
the completion of R and let S :— Spec(-R). As 5 is a faithfully flat S'-scheme, to show 
that U is affine (i.e. fu is an isomorphism) it suffices to show that U Xs S is affine (i.e. 
fu Xs S = fjjy^gs isomorphism). Let Si = Spec (i2i ),..., = Spec{Rj) be the 

irreducible components of the reduced scheme of S (here j G N); they arc spectra of 
local, complete, integral, noetherian Fp-algebras. The scheme U Xs S is affine if and only 
if the irreducible components U x s Si, . . . ,U xs Sj of the reduced scheme of U xs S 
are all affine (cf. [16, Ch. II, Cor. (6.7.3)]). So to prove the Theorem we can assume 
R = R = Ri. As is a local, complete ring, it is also excellent (cf. [29, (34.B)]). Thus 
the normalization S^ of is a finite yS-scheme. So S^ is a semilocal, complete, integral, 
normal scheme. This implies that S" is local. But U is affine if and only if [/ x 5 5'" is 
affine, cf. 2.9.2. Thus to prove the Theorem, we can also assume 5" is normal; so S' = S"'. 

We emphasize that for the rest of the proof we will only use the fact that S is an in- 
tegral, normal, excellent, affine scheme (but not necessarily local and thus not necessarily 
complete). We group the main steps into distinct (and numbered) Subsubsections. 

6.1.1. Notations and two operations. Let A;^, k, h(^, J\f, Co, ho, ro, v, and n 
be as in 5.4. So jV is the Newton polygon of pulls back of Cu via geometric points of U, 
€0 is a Dieudonne-Fontaine p-divisible object over Fp that has Newton polygon J\f, ro is 
the rank of Co, etc. Let go '■= ^o- Below all pulls back to Spec{k) of F-crystals are via 
the natural dominant morphisms Spec(/c) Spec(Fp) and Spec(/c) S. 

We consider the following two replacement operations (7^1) and (7^2) of the triple 
{S, U, €) by a new triple ts', U, €.). For both operations S is an integral, normal, affine 
jS-scheme of finite type, C is Cg, and 

(7^1) either {S, U) is the normalization of {S, U) in a finite field extension of kg 
{TZ2) or U is an open subscheme of S and U :— U is U Xs S. 

The scheme S is also excellent, cf. [29, (34. B)]. Moreover, U is affine if and only if 
U is affine (in connection with (7^1), cf. 2.9.2). So in what follows we will often perform 
one of these two operations in order to simplify the setting and to eventually end up with 
a situation where in fact we have U = S. By performing (7^1), we can assume that R is 
an Fp<io -algebra (i.e. Fp^o ^ R)- 

Let F be a local ring of U that is a discrete valuation ring. Let V2 be a complete 
discrete valuation ring that is a faithfully flat 1^-algebra, and that has an algebraically 
closed residue fleld /c2- Let Vi := V^^'^'^^- We flx an isomorphism V2^/c2[['fi']] and we 
view it as an identification under which V2 and Vi become /c2-algebras. Let $2 be the 
Frobenius endomorphism of W^(/J2 )[[«']] that takes w into w'^ and is compatible with Ufej. 

6.1.2. Key Lemma. There exists a number I e N that is greater than maxj/io^'o' ^it}^ 
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that depends only on Co O'^d h(r but not on V, and such that there exists an isogeny 
ivi '■ ^ovi ^Vi of F- crystals over Spec(Vi) whose cokernel is annihilated hy pK 

Proof: We first show by induction on ro G N that there exists a number e N 
that does not depend on V but only on (Lq and h^r and such that we have an isogeny 
H : ^cvi ^Vi whose cokernel is annihilated by p'-'^ , where €c is an F-crystal over 

Spec(A;2) and where the role of is that of the pull back to Spec(Vi) of an arbitrary 
F-crystal over Spec(V2) of constant Newton polygon which depends only on A/". 

Let cti be the smallest slope of J\f. Let h := — [— ai(ro — 1)]. Theorem [22, 2.6.1] 
says that there exists an isogeny i[ : €' —>■ ty^^ where is an cti-divisible F-crystal over 
Spec(F2)- The a i -divisibility means that if (M',(^',V') is the evaluation of at the 
thickening defined by the closed embedding Spec(V2) > Spec(VF(/c2)[[w]]), then for all 
tt e N the $2"linear endomorphism of divisible by pt^^^i]. We can choose C 

and i'y such that Coker(z']^)is annihilated by p'^, cf. [22, p. 153]. If a\ is the only slope of 
jV, then C' is the pull back of an F-crystal over Spec(/c2) (cf. [22, proof of 2.7.1]); so we 
can take Iq to be l\ and %\ to be i'^^. In particular, Ic exists if ro = 1. 

We now consider the case when M has at least two slopes. From [22, proof of 2.6.2] 
we get that we have a unique short exact sequence 

^ C'l ^ C' ^ C2 ^ 

of F-crystals over Spec(V2) with the property that the Newton polygons of the pulls back 
of (resp. of 2^2) via geometric points of Spec(V2) have all slopes equal to ol\ (resp. 
have all slopes greater than a-\). As V\ is perfect, loc. cit. also proves that this short 
exact sequence has a unique splitting after we pull it back to Spec(Vi). Thus we have a 
unique direct sum decomposition = ^xvx ® ^2Vi °f -F-crystals over Spec(Vi). Using 
this decomposition and the fact that both F-crystals and ^2 over Spec(V2) have ranks 
smaller than tq, by induction we get the existence of Ic- This ends the induction. 

Let [/ := max{d(ro, 0, c)|c G S{^,h^-\- Ic)) with (i(ro,0, c)'s as in 2.4.1. The h- 
number of €c is at most + Ic- So from 2.4.1 (applied over k'l) we get that there 
exists a Dieudonne-Fontaine p-divisible object over Fp for which we have an isogeny 

ii '■ ^ovi ~^ ^cVi whose cokernel is annihilated by p''^ . As the number of isomorphism 
classes of Dieudonne-Fontaine p-divisible objects over Fp that have A/" as their New- 
ton polygons is finite, there exists a number Ij^ E N such that we have an isogeny 
is '■ ^oVi ^'ovi whose cokernel is annihilated by . 

As ivi we can take the composite isogeny ii o ^2 o ^3. Thus as / we can take any 
integer greater than m8ix{horQ, h^, Ic + h' ^ ^J^}- '-' 

6.1.3. The open subscheme Uq. With / as in 6.1.2, let m := 8/ -|- n -|- f -|- 1. We 
continue the proof of Theorem 6.1 by considering (see 2.8.2) the evaluation morphism 

E{iv,;W^+2AVi)) : E(£o; Wm+2v{Vi)) ^ E{€; Wm+2viVi)) 

of M{Wm+2viVi)) . We apply 2.8.3 (c) (with q = m + 2v) to this morphism. We get that 
there exists a finite field extension ks,v of ks and an open, affine subscheme Uy of the 
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normalization of U in /cs,y, such that Uy has a local ring V which is a discrete valuation 
ring and which dominates V and moreover we have a morphism 

(m + 2^;) : ¥.{U,W^^2v{Uy)) ^ ¥.{€;Wm+2v{Uy)) 

of M.{Wm+2v{Uy)) whose cokernel is annihilated by p'. See 2.1 for iu^{m + v). 

Let fh G {m, m + Let be the set of morphisms Cok/p^^ok ^k/p^^k that 
are reductions mod p"^ of morphisms (Iofe/p"^^"^ofe ^k/p"^~^^^k- Any morphism in 
lifts to a morphism €ok — ^fc, cf. 5.1.1 (b), 5.1.2, and the definitions of v and n < m; 
thus Irh is a finite set. Let Jm '■= {i £ /mb'Coker(z) = 0}. Based on the case 2.8.3 (a) 
of 2.8.3, by performing (TZl) we can assume that is the set of pulls back of a set of 
morphisms of M.{Wff^{ks)) whose cokernels are annihilated by pK The pull back of 
iu^{m + f ) to a morphism of M.{Wm+v{ks,v)) is also the pull back of a morphism in 
Lm+v AsV = Vnks, inside Wm+v{ks,v) we have Wm+v{V) = Wm+v{V) nWm+viks)- 
This implies that the pull back of iu^{m + to a morphism of M.{Wm+v{V)) is in fact 
the pull back of a morphism oi Ai{Wm+v{V)) whose cokernel is generically annihilated by 
p'' (in the sense of 2.8.1). From the case 2.8.3 (b) of 2.8.3 (applied with {Vi, V) replaced 
by {V, R)), we get the existence of an open subscheme Uy ofU that has V as a local ring 
and such that we have a morphism 

iu^ (m + v): E(eo; Wm+viUv)) ^ E(C; Wm+v{Uv)) 

of A4{Wm+v{Uv)) whose cokernel is generically annihilated by pK 

For i G Jm let V{i) be the set of all those discrete valuation rings V of U such that 
the pull back of iuyij^) to a morphism of M.{Wm{k)) is i. Let C/j := l}veV{i)Uv ■ Let 

iu,{m) : E(eo; W^m(C/0) ^ E(e; W-^(t/,)) 

be the morphism of J^{Wm{Ui)) which is obtained by gluing together the morphisms 
ii7^(m)'s with V G V{i). We have: 

(a) if Uq := Uiej^Ui, then C/*°p \ Uq""^ has codimension at least 2 in U^°P; 

(b) for any i G Jm, the cokernel of iui{iTi) is generically annihilated by pK 

6.1.4. Gluing morphisms. We now modify the morphisms (m)'s {i G Jm) so 
that they glue together to define a morphism 

iu,{m) ■■ E{U,Wm{Uo)) ^ E{(!:;Wm{Uo)) 

of Ai{WmiUo)) whose cokernel is generically annihilated by p^K If there exists i G Jm 
such that Ui = Uq, then iu^im) = iu^im) has a cokernel generically annihilated by p^ . 

We now assume that for all i E Jm have Uq 7^ Ui. The pull back of iuiijn) to 
a morphism of M.{Wm{k)) is i G Jm- Let fi : €ok — > Ca; be a morphism such that its 
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reduction mod p"^ is i, cf. 5.1.1 (b), 5.1.2, and the fact that Jm ^ I-m- As m > I and 
i E Jm, the cokernel of fi is annihilated by p'' and so fi is an isogeny. 

Let fo e {p^fi\i e J„^}. We have: 

(a) the image of /q hes inside the intersection of the images of aU /j's {i e Jm); 

(b) the cokernel of /o is annihilated by 

Let Si : €ok — > Cofc be the isogeny such that we have /o = fi o Si, cf. (a). So 
Coker(si) is annihilated by p^', cf. (b). We know that Si is the pull back of an isogeny 
^OFpqo ~^ '^OFp^o' "^f- 2.2.3 (b) applied to Cq. So as Fp9o ^ R, we get that the reduction 
mod p^ of Sj is the pull back of a (constant) morphism 

suAm) :-E{€o;W^iUi)) ^E{€o;WmiUi)) 

of Ai{WTn{Ui)) whose cokernel is annihilated by p'^K If ii, 12 G Jm^ then the pulls 
back of iui^im) o (m) and iu^^{m) o (m) to morphisms of M.{Wm{k)) are the 
reduction of /o mod p"^ and thus they coincide. This implies that the pulls back of 
'^Ui^i'm) o ^Ui^i'm) and iui^i^) ° ^Ui^i^) morphisms of A4(VFrn(C^ii H ^12)) coincide. 
Thus the morphisms zjy. {m)osUi {tti) indexed by z e Jm glue together to define a morphism 
Zi7o(m) : Fi{(lo;Wm{Uo)) Wm{Uo)) of A^(T4^m(t^o)) whose cokernel is gcncrically 

annihilated hy p^'' —p^p^\ cf. 6.1.3 (b) and the fact that p^' annihilates Coker(s!7^ (m)). 

It is easy to see that by performing (7^1) we can assume p^^ annihilates Cdker{iu^ i'^)) 
but this will not be used in what follows. 

6.1.5. Lemma. By performing {JZ2), we can assume that iuo{m) extends to a 
morphism is{m) : £(£0; Wm{S)) ^ E(€; Wm{S)) of M{Wm{S)). 

Proof: Let S' be the affine S'-scheme of finite type that parametrizes morphisms 
between the two objects E(£o;W^m(^)) and E(C;Wm(<5)) of M{Wm{S)), cf. 2.8.4.1. 
Let Uq ^ S' be the open embedding of 5'-schemes that defines i[/g(m). Let U' be the 
normalization of the Zariski closure of Uq in S' . As 5" is an excellent scheme, the S- 
scheme U' is integral, normal, affine, and of finite type. As Uq is an open subscheme 
of both U and U' and due to 6.1.3 (a), the affine morphism U' Xs U — > t/ between 
integral, normal, noetherian schemes is birational and has the property that any discrete 
valuation ring of U is also a local ring oi U' x 5 U. Thus the morphism U' x s U ^ U 
is an isomorphism, cf. 2.9.1. So U is an open subscheme of U' . So by performing 
(7^2) (with S = U'), we can assume U' = S. Thus we can speak about the morphism 
is{m) : E{€o; WmiS)) E{e, WmiS)) of MiWmiS)) that extends iuoim). □ 

6.1.6. Duals. Let ^{l) be the Tate twist of C by (/), i.e. (£ tensored with the pull 
back to S of the F-crystal (Zp,p^lzp) over Fp. As for modules, let €* be the dual of € 
(one could call it a latticed F-isocrystal over S). We also define the Tate twist <t*{l) of £* 
by (/); it is an F-crystal over 5" (as / > hd). In a similar way we define Co(0- / > ho, 
€.q{1) is a Dieudonne-Fontaine p-divisible object over Fp with non- negative slopes. 
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We repeat the constructions we performed for Co and C (like the ones through which 
we got I, Uq, is(m), etc.) in the context of €.q{1) and €*{l). So by enlarging I and by- 
performing (TZl) and {TZ2), we can assume there exists a morphism 

iUm) : E(e:*(0; Wm{S)) ^ E{e{iy, Wm{S)) 

of A4{Wm{S)) whose cokernel is generically annihilated by p^'' and which is the analogue 
of is{m). As I > h^, we think of E{€*{1); Wm{S)) to be a "twisted dual" of E{€; Wm{S)) 
in the sense that there exists a morphism 

js{m - I) : E(C; Wm-i{S)) ^ E{Co; Wm-i{S)) 

which at the level of Ovi^^_j(5)-modules is the dual of i*s{m — I). Thus the pull back of 
j5(m — I) to an object of Ai{Wm-i{k)) has a cokernel annihilated by p^K By performing 
(T^-i) we can assume Coker(j5(m — /)) is generically annihilated by p^^, cf. 2.8.3 (a). 

6.1.7. End of the proof of Theorem 6.1. We will use the existence of the 
morphisms isijn) and ig{m) to show that the assumption U ^ S leads to a contradiction. 
Let y : Spec(A;i) — > S' be a geometric point that does not factor through U. Let 

cs(m - := jsim - I) o is{m - I) : E{U, Wm-i{S)) ^ E(€o; Wm-i{S)). 

We check that Coker (c5(m — /)) is annihilated by p'^'. Let cs{m — I) gen and csijn — 
2/)gen be the morphisms of M.{Wm-i{k)) and M.{Wm-2i{k)) (respectively) that are the 
natural pulls back of cs{'m — I) and cs(m — 21) (respectively). As csijn — 2/)gen is the 
composite of two morphisms of M.{Wm-2i{k)) whose cokernels are annihilated by 
Cokcr(c5(m — 2Z)gen) is annihilated by p^^ . As csijn — 2Z)gen lifts to csijn — Ogen and as 
/ > /io^O' <^s("^ ~ 2/)gen is the pull back of a morphism of M.{Wm-2i(^ pio)) (cf. 2.2.3 (a) 
applied with [K, k) replaced by (A;,Fp)). So as Fp^o ^ -R, we get that Coker (cg (m — 2Z)) 
itself is annihilated by p^K Thus p'^^ annihilates Coker(c5(m — /)). 

As the endomorphism y*{cs{m — l)) — 2/*(js(to — /)) °2/*(^s(™~0) -M^Wm-iik)) 
has a cokernel annihilated by p^', we get that p^' annihilates Coker(?/*(zs(m — I))). Let 
fy '■ ^ofci — ^ y*{^) be a morphism that hfts y*{is{m — I — v)), cf. 5.1.1 (b) and 5.1.2. As 
m — V — l = 7l + n + l>7l + l (cf. the definition of m in 6.1.3) and as p'^^ annihilates 
Coker{y*{is{m — I — f ))), (by reasons of ranks) the morphism fy is injective and so an 
isogeny. So y* {€) has Newton polygon M. So y factors through U. This contradicts the 
choice of y. Thus the existence of the morphisms zs(m) and i*s{m) implies that U = S. 
As U = S, U is affine. This ends the proof of Theorem 6.1. □ 

6.2. Proof of Main Theorem B. We prove 1.6. Let U he a, reduced, locally closed 
subscheme of S that is a stratum of S{€). We have to show that U is an aflfine S'-scheme. 
It suffices to check this under the extra assumptions that 5" = Spec(i?) is affine, that U 
is an open, dense subscheme of S and that the underlying i?-module of E{€;Wi{S)) is 
free. We will show that U is an affine scheme. It suffices to check this under the extra 
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assumption that R is normal and perfect, cf. 2.9.2 applied with X and X' replaced by S 
and by the normalization of Spec{RP'^^^) (respectively). 

Let be the Newton polygon of pulls back of €u via geometric points of U. Let Co, 
ho, To, V, and n be associated to A/" and h^r as in 5.4 (this makes sense even if R is not an 
integral domain; see 2.1 for h^i). So = (Mq^'^o) is a Dieudonne-Fontaine p-divisible 
object over Fp that has rank ro, has /i-number ho, and has Newton polygon Af. 

Let h be the maximum between 2 + /?.(r+2 max{(i(rQ, s, c) |s G 5'(0, h(£j, c G 5'(0, 2/i(r)} 
and n. If (M, is an F-crystal over an algebraically closed field K of characteristic p 
of rank ro and /i- number at most h^, then (End(M), (p) is a latticed F-isocrystal over K 
whose rank is Tq, whose s-number is at most h(r, and whose /i-number is at most 2hir 
(see end of 2.2.1 (e)). Thus from 3.2.8 (a) (applied with G = GLm) and 2.4.1 we get: 

(i) any F-crystal over K whose rank is ro and whose /i-number is at most h(r, is 
uniquely determined up to isomorphism by its reduction mod p". 

We consider quadruples of the form (k,^,M,0), where: 

- ^ is an algebraically closed field of characteristic p, 

- ^ is the Frobenius endomorphism of VF(^)[[t(;]] that is compatible with and that 
takes w into w^, 

- M is a free VF(A;)[[t(;]]-module of rank ro equipped with a ^-linear endomorphism 0, 

which have the property that the Newton polygons and the /i-numbers of extensions 

of (M, (^) via VF(A;)-homomorphisms VF(A;) [[«;]] W{K) that are compatible with the 
Frobenius endomorphisms and that involve algebraically closed fields K of characteristic 
p, are Af and respectively are at most h(f. 

We consider the unique VF(A;)-monomorphism VF(fc) [[-fw]] ^ W {k[[w]]'^'^'^^) that lifts 
the natural inclusion k[[w]] ■— feffwIlP*^"^^ and that is compatible with the Frobenius endo- 
morphisms ^ and ^k[[^]]peTf, cf. [22, p. 145]; it maps w into (w, 0, 0, . . .) G ^^(^[[wjjP®^^). 

The results [22, 2.6.1, 2.6.2, 2.7.1, and 2.7.4] hold as well in the context of pairs of 
the form (M, (p) that are not endowed with connections (one only has to disregard all 
details of loc. cit. that pertain to connections). So as in the proof of 6.1.2 wc argue that 
there exists a number J G_N which has the properties that / > maxj/io^o, h^r} and that 
for any quadruple (/c, M, (p) as above, there exists a monomorphism 

(Mo W{k[[w]r^), p>o ® ^k[M]^e.) (M ®wCk)[M] W{k[[w]r^% ^^[[^jpe..) 

whose cokernel is annihilated by p'. Let m := 81 + h + v + 1 and m : = m + 2v. 

Let (O, (fo) '■= proj. lim. tgNE(CC; Wt{S)). As the underlying i?-modulc of the object 
E{C;Wi{S)) is free, O is a free VF(-R)-module of rank ro. Moreover (po is a $ij-linear 
endomorphism of O. As R is perfect, the Wt (i?)-module of differentials ilwt{R) is trivial. 
So the connection on O induced by € is trivial. From this and [22, p. 145] we get that the 
pair (O, (po) determines C up to isomorphism. Let B = {ei, . . . , e^o} be a VF(i?)-basis of 
O. Let B G Mroxro(W^(-R)) be the matrix representation of (po with respect to B. Let 



58 



Brh G MrQxro{Wrh{R)) be B mod p"^. Let be a finitely generated Fp-subalgebra of 
R which contains the components of the Witt vectors of length m with coefficients in R 
that are entries of Brh; so 5^ e M^^xro (^m(-R°))- Let := Spec(i?°). 

Let (fiQ be a $/,'-lincar cndomorphism of O whose matrix representation with respect 
to i5 is a matrix B' e Mr„xroiW{R^)) C Mr„xro{W{R)) that lifts B^. Let t'g be the 
F-crystal over 5" that corresponds to the pair (O, V'o)? cf. the above part that refers to 
[22, p. 145]. As B' e Mroxro{W{R^)), loc. cit. also implies that is the puU back 
to S of an F-crystal €' over Spec(i?°P®'^^). As B and B' are congruent mod p^, we can 
identify (t/p'^C with <tg/p^€!g. It is easy to see that due to this identification and to 
(i), the two Newton polygon stratifications S{€) and S{€!g) of 5" coincide. Thus to prove 
that U is affine we can assume that B = B', R = i?*^P^=^^ and C = As R = R^^'''^ 
there exists a unique open subscheme of S'^ such that we have U = U'^ x go S . 

To prove that U is affine, it suffices to show that C/° is affine. The scheme is affine 
if and only if its intersection with any irreducible component C° of is affine, cf. [16, 
Ch. II, Cor. (6.7.3)]. Thus by replacing (S'^.S) with (C°, C^p^'"''), we can assume that 
both 5''^ and S are integral schemes. By replacing and S with their normalizations 
(cf. 2.9.2), we can also assume that is a normal Spec (Fp) -scheme of finite type. 

As Brh G Mr.Qxro{^m{R^))j for any j G S{l,m) and for every S''^-scheme 5*1 we can 
speak about the object E(^; Wj{Si)) of M.{Wj{Si)) whose underlying OvKj(Si)-iiiodule is 
the free OvFj (Si)-niodule that has B as an CvFj.(5^)-basis and whose underlying Frobenius 
cndomorphism has a matrix representation with respect to B which is the natural image 
of B.fh in Mr„xroiOw (Si))- If Si is an ^'-scheme, then E(C;W}(S'i)) is precisely the 
object ofM{Wj{Si)) defined in 2.8.2. 

Let be an arbitrary local ring of that is a discrete valuation ring. Let wq 
be a uniformizer of it. Let be a y°-algebra that is a complete discrete valuation 
ring, that has wq as a uniformizer, and that has an algebraically closed residue field 
k^. So is isomorphic to A;3[[wo]], with wq viewed as a variable. We identify Wq 
with a uniformizer of := V^^^ \ So k2 := •* is the residue field of Let 

:= A;2[[<"'^]]P^''^ = "tf^''^ For j e S{l,rn) let W° := W{k2)[H~']] be endowed 
with the Frobenius cndomorphism ^i^o that is compatible with crfej and that takes Wq 
into Let : ^ W{k2[[wf]]) be the W^(/c2)-nionomorphism that lifts the 

canonical identification k2[[wQ ^]] = VFi(A;2[[wo ^]]) and that takes Wq ^ into the Witt 

— j — j 

vector {wq , 0, 0, . . .) G W{k2[[wQ ]]). The following two properties hold: 

(ii) each is compatible with Frobenius endomorphisms, and 

(iii) if j < m, the restriction of /j^i to the VF(/co)-subalgebra Wj of VFjVi fj- 

We recall that if x = (xq, xi, . . . , x^) is a Witt vector of length m, then px = 
(0, Xq, a;^, . . . , x^_j^). Based on this and (ii) and (iii), by induction on j G 5'(l,m) we 

get that the image (via the natural monomorphism R*^ ^2[[w'o ]]) of the matrix 

B = B' e M,„xro(^(i?°)) in Mr.xroiWjiHH belongs to Mr.,xro{W^ /p'W^)- 
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Thus the image oi B ^ B' in M,„xro {W^{k2[[wl ]])), belongs to M,,xro(^^^/p^^i) 
and so it hfts to a matrix B e Mr^xroiW^). 

Let M := ©[^i^F^ej. Let (p be the -hnear endomorphism of M whose ma- 
trix representation with respect to B is B. The extension of (M, ip) via a W{k2)- 
homomorphism — > W{K) compatible with Frobenius endomorphisms, has the h- 
number at most (as m > h(£) and has Newton polygon H (cf. (i) and the fact that 
y° is a local ring oiU^). So there exists a monomorphism 

(Mo «)Zp W{V^), (po $vo) ^ (M W{V^), (f ® $yo) 

whose cokernel is annihilated by p , cf. the choice of / (applied with /c2[[m'o ]] instead of 
k[[w]]). Thus there exists a morphism E{Co; Wrh{V^)) ^ Wrh{V^)) oi M{Wrh{V^)) 
whose cokernel is annihilated by pK 

As in Subsubsections 6.1.3 to 6.1.7 we only used evaluation functors E and pulls 
back of F-crystals over S via geometric points of S and as for any algebraically closed 
field K the map S{K) S^{K) is bijective, the rest of the proof that t/° is affine is the 
same as Subsubsections 6.1.3 to 6.1.7 (but with the role of (n, m) being replaced with 
the one of (n, m)). We will only add two extra sentences. 

From 2.8.3 (c) (applied with q replaced by m) we get that there exist: 

(iv) an open subscheme U^^ of the normalization of U° in a finite field extension 
ksoyo of the field of fractions kso of 5'°, a local ring of U^^ which dominates V^, 
and a morphism Z[/o Jm) : E{€o; Wrn{U^o)) ^ E(C; iy^(C/9 J) of A^(W^^(C/9 J) whose 
cokernel is annihilated by p^. 

In connection with the last two paragraphs of 6.1.3 and with Subsubsections 6.1.4 
to 6.1.7, we only have to add an upper right index to all schemes that (modulo the two 
operations of 6.1.1) are about to be introduced; thus we get open subschemes Uyo, U^, 
and Uq of etc. This ends the proof of 1.6. 

6.3. Remarks, (a) Let 5" be an integral, locally noetherian scheme. Let C and 
S{€) be as in the beginning of §6. Let U be the unique stratum of 5(C) which is an open 
subscheme of S. The open embedding U ^ S is an affine morphism, cf. 6.1. This implies 
that either U = S or 5*°^ \ U^°^ is of pure codimension 1 in S^°^. It sufl&ces to check this 
statement under the extra assumptions that (to be compared with the first paragraph 
of the proof of 6.1) 5" is also local, complete, and normal and that 5"*°^ \ t/*°P has pure 
codimension c G N in 5"*°^. If c > 1, then by applying 2.9.1 to the affine, birational open 
embedding U ^ S we get that U = S. Thus c must be 1. 

Thus 6.1 implies the following result of de Jong and Oort (see [10, 4.1]): if 5 is a local, 
integral, noetherian ring and if U contains the complement in S of the closed point of S, 
then either the dimension of S is at most 1 or S = U. The converse of this implication 
holds, provided our scheme 5" is locally factorial. But in general the result of de Jong 
and Oort does not imply 6.1. This is so as there exist integral, normal, noetherian, affine 
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schemes S — Spec(i?) that have a prime Weil divisor C such that the open subscheme 
S\C oi S is not an affine scheme. Here is one classical example. 

Let R := k[xi,X2,xs,X4]/{xiX4 — X2Xs)- Let C := Spec{k[xi,xs]) be the irreducible 
divisor of S defined by the equations X4 = X2 = 0- The open subscheme S \ C oi S is 
the union of Spec(i?[^]) and Spec(i?[^]) and thus its i?-algebra of global functions is 
R[-^] n -R[;^]- But W := Spec(i?[^] fl -R[^]) is an affine S'-scheme whose fibre over the 
point of 5" defined by = X2 = 0:3 = X4 = is non-empty. Thus the natural morphism 
S \ C ^ W is not an isomorphism and so the scheme 5" \ C is not affine. 

(b) Let (M, ip) be an F-crystal over a perfect field k of characteristic p. It is easy 
to see that [22, 1.4 and 1.5] implies the existence of a number no G N such that for 
any g e GLM{W{k)) the Newton polygon of {M,g(p) depends only on g mod p'^°. For 
instance, if k = k we can take no to be the number nfam of 3.1.5 for G = GLm- One can 
use this (in a way similar to the first part of 6.2) to define Newton polygon stratifications 
for reductions modulo adequate powers of p of F-crystals over reduced Spec(Fp)-schemes. 

For instance, it can be easily checked starting from 1.3 and [21, 4.4 e)] that any 
truncated Barsotti-Tate group Qs of level T(r, d) over a reduced Spec(Fp)-scheme S 
which has height r and relative dimension d, defines a stratification S{Gs) of S as follows. 
The association Qs S{Ss) is uniquely determined by the following two properties: 

(i) it is functorial with respect to pulls back, and 

(ii) if there exists a 7?-divisible group Vs over S such that Vslp'^'^'^''^^] is isomorphic 
to Gs, then S{Gs) is the Newton polygon stratification of S defined by the F-crystal over 
S that is associated naturally to T>s. 
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